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Abstract

We study the problem of estimating 6 from data Y ~ N(6,0?) under squared-error loss.
We define three new scalar minimax problems in which the risk is weighted by the size of 6.
Simple thresholding gives asymptotically minimax estimates of all three problems. We indicate
the relationships of the new problems to each other and to two other neo-classical problems: the
problems of the bounded normal mean and of the risk-constrained normal mean.

Via the wavelet transform, these results have implications for adaptive function estimation,
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(2), the scalar minimax results imply: (a) that it is not possible to fully adapt to unknown degree
of smoothness — adaptation imposes a performance cost; and (b) that simple thresholding of the
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1. Introduction

Suppose we have normally distributed scalar data Y ~ N(6,0%) and we wish to estimate 6,
measuring performance by squared-error loss E(é—0)2. The classical minimax theorem (Wolfowitz,
1950) says that, in the absence of prior information on #, Y is optimal as an estimator of 6 in a
worst-case sense:

E(Y -6 = inf sup B(0(Y)- 0)2 . (1.1)
§ 9eRr
This theorem, via Le Cam’s theory of local asymptotic normality, lies at the heart of many devel-

opments in asymptotic minimaxity in parametric and nonparametric statistics.

Recently, we have entered a neo-classical period, where modifications of the classical minimax
problem are studied, with applications to determining the precise constants in the minimax risk of
various curve estimation problems. We mention two specific examples. In the first, the problem of
estimating a bounded normal mean, one assumes that € is known to lie in a finite interval [—7, 7].

The study and evaluation of the minimax risk

R 2
inf  sup F (O(Y) — 0) (1.2)
[ 6e[—7,7]

was initiated and solved by Bickel (1981), Casella and Strawderman (1981) and Levit (1981). By the
method of hardest one-dimensional subproblems and hardest Cartesian subproblems, this problem
has been found to lie at the heart of several important asymptotic minimaxity and near-minimaxity
results in nonparametric statistics: for example in minimax estimation of a linear functional (see

e.g. Ibragimov and Has'minskii (1984), and Donoho and Liu (1991)), and in minimax estimation

of the whole object (see Donoho, Liu, and MacGibbon(1990)).

In the second example, one searches for a minimax estimator subject to constraints on the risk

at a fized point. Let (:)0(,0) denote the class of estimators with risk < p at the origin:
Golp) = {0:EAY) < o (1.3)

and consider
. 2
K%p)= inf sup Ky (O(Y) — 0) .
9€00(p) HER
The study of this problem was initiated by Bickel (1983). Results in this area apply to prob-
lems of estimating sparse signals in Gaussian noise (Donoho, Johnstone, Hoch, and Stern, 1991),

(Johnstone, 1992).

In this paper we will introduce three (apparently) new neo-classical minimax problems, derive

asymptotically minimax rules, discuss their relations to the other neo-classical problems above,
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and give applications to infinite-dimensional estimation problems such as adaptive estimation of

objects of unknown smoothness.

1.1 Three Problems
The first problem, in the scalar case ¥ ~ N(6,1), is to obtain the minimax value

17(8) = inf sup EOOD =07

1.
i 6er 6+ |0|P (15)

where ¢ > 0 and p € (0,2).

THEOREM 1.

LP(8) ~ (2 log (671)) ™%, 5—0. (1.6)

An asymptotically minimaz rule is the soft threshold rule
7(Y) = n(Y) = ([Y[=1), sgn(Y),

with threshold
t = t6) = 2 log(6—1) . (1.7)

The estimator 7,(Y") is a simple nonlinear shrinker (also called limited-translation or Efron-

Morris in other contexts).

The following strengthening of the LP problem is of particular importance to us and provides

the second new situation. Let 75 = \/2log(6~1) and let m%(6) = 7/ min((6/75)*,1). Define
_ E(B(Y) - 6)?
MP(6) = inf sup ——————
R I S RN
For 6 near 75, m5(0) ~ |0|’. However, away from 75, m5(6) behaves differently. Since m£%(6) < |67,

MP(6) > LP(8).

THEOREM 2.
MP(8) ~ (2 log(67))' ", §—0. (1.8)

An asymptotically minimaz procedure is of the form 6*(Y) = n(Y) with t = /2 log(6-1).

The third new problem is the study of

KP(p) = inf sup T P sup E(é(Y) — 0)2 (1.9)

6€B(p) T 21 8] < 7
where Og(p) is as in (1.3). Evidently, this is a mixture between the “subject to doing well at a
point” and “Bounded Normal Mean” problems, with the additional twist of the “sup 5, 7777

weighting thrown in!



THEOREM 3.
K?(p) ~ (2 log(p™))" ™", p—0. (1.10)

An asymptotically minimaz procedure is of the form 6%(Y) = n(Y) with t = /2 log(p=7).

The proof of these Theorems, in sections 2-5 below, shows that these three results are closely
connected. In a certain sense, KP is smaller than LP, which is smaller than M? , so lower bounds
on KP(§) and upper bounds on MP(6), both of size (2 log(¢="))'=?/2 (1 + o(1)), combine to

prove both theorems simultaneously.

1.2 Two Phenomena

The above results expose two phenomena:

[UNI ] If we calibrate é and p appropriately, a single estimator 6% is asymptotically minimax for
all three problems, and the form of the estimator does not depend on p. There is a single ‘universal’

kind of estimator for all these problems.

[LOG] The minimax values KP(8), LP(6) and MP(8) are all asymptotically equivalent, and they
behave as (2 log(é‘l))l_p/2, as 6 — 0.

These phenomena may at first appear to concern only problems of estimating a 1-dimensional
parameter. Sections 6-8 of this paper will show that they cause similar phenomena for estimation

of infinite-dimensional parameters.

1.3 Sequence Space

The significance of these scalar minimax problems comes, as usual, from applying the scalar re-
sults coordinatewise to multivariate problems. Section 6 below develops applications to two such
problems. In both, we suppose that we have n noisy observations y; = 6; + ¢,2;, ¢ = 1, ...,n, with
PG N(0,1), and that our goal is to estimate § with small squared (* risk: F| ‘é(y) — 4| ‘Ei

In the first, we suppose the parameter 8 belongs to an dimensional (7 ball, defined by
*r(C) = {0 eER™: Y |6:]" < cp}.
=1

Consider the minimax problem

Lh(Cryen) =inf - sup  E[|0(y) = 6] (1.12)
6 m(cy) "

and let 5, = n_l/p C /€, denote the normalized radius; we assume that 7, — 0 as n — oo. For

a full discussion, see Donoho and Johnstone (1994). Let v, — 0 be defined by v, ! = log 5,7,
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and set 6, = v, 1. and consider the the estimator 02*1 = (€né*(y2/€n))“ built up coordinatewise

out of the estimator which is asymptotically minimax for L?(1/n), 0 < p < 2.

THEOREM 4. Let 0 < p < 2 and assume that 5, — 0 and (¢,/C,)*log n(e,/C,)? — 0. Then

0% is an asymptotically minimax procedure, and

L (Crs€a) ~ LP(R)CRe™, n— oo

In the second problem we suppose again that we have observations y;, but now the parameter
6 belongs to an n-dimensional weak-€? ball, (Marcinkiewicz-ball) defined as follows. For a vector 8

let [0](1y > |0](2) > ... denote the ordered coordinate values, and put
m) () = {8erR" ol <Cim Vil

( Note that ¢2(C') C m2(C')). Consider the minimax problem

MI(Cre,) =inf  sup  E[|f(y) - 9][.: (1.13)
§  mj(0) "
Consider again the estimator 8% = (¢,0%(yi/€,))i, built coordinatewise out of estimators with

0n = YnnE, which are asymptotically minimax for M?(é,), 0 < p < 2.

THEOREM 5. Let 0 < p < 2 and assume that 1, — 0 and €C ;% log ne?C;P = 0 ((log n)~5/7) .

Then 02*1 is an asymptotically minimax procedure, and

2 _
MJ(Chsen) ~ E‘Mp(nn)'cg'Gi 7, n— 00 .

In Theorems 4 and 5, the threshold level of the asymptotic minimax estimator depends on the
radius, noise level and shape of ball through #,,. In the discussion in Section 1.4 of estimation over
certain function spaces, it is natural to fix C,, = C, and to adopt the calibration ¢, = on='/2.
In this case, a single choice of threshold, based on 6 = 1/n, comes within a constant factor of

asymptotic minimaxity, irrespective of the radius or type of ball:

COROLLARY 5. Let 0 < p < 2, ¢, = on~"? and 6§ = 1/n. Consider the estimator éZ _
(€n ntn(yz/€n))2 Then

5 2 2 1=p/2
wp 5 -l < () B(C o) o)
LY(O) " I

and a corresponding result holds with m? and M? replacing (* and L?.

This is an instance of phenomenon [UNI].



1.4 Function Space

It is now well known that orthogonal transformations can be employed to turn statements about
estimation over bodies in sequence space into statements about estimation over classes of smooth
functions in noisy data. Efroimovich and Pinsker (1981, 1982) and Nussbaum(1985) established
this point with reference to the Fourier transform and ellipsoids; here we employ instead the wavelet
transform, and the £ and m? balls, which lead to different applications. Background on the use
of the wavelet transform in this way can be found in De Vore and Lucier (1992), Donoho (1992,
1993a,b), Donoho, Johnstone, Kerkyacharian, and Picard (1993), Johnstone(1992), Johnstone,
Kerkyacharian and Picard (1992), and Kerkyacharian and Picard (1992).

1.4.1 Adapting to Unknown Type and Degree of Smoothness

Suppose we have nonparametric regression observations
dizf(ti)—l-O'Zi, r=1,...,m, (114)

where the t; are equispaced on [—1/2,1/2] and the z; , are i.i.d. N(0,1). Here is a method for
estimation of the whole object (f(¢;),7 =1,...,n), based on application of * coordinatewise in a
sequence space. Given n = 271+ numbers (d;), (j; an integer), take a discrete wavelet transform
(section 7 below), giving empirical wavelet coefficients (y;) which we treat as if they have standard
deviation €, = o/y/n. Then apply the estimator % to these coefficients and let (f*(#;)); denote
the inverse wavelet transform of the vector 8.

This approach reduces problems of estimating the smooth function f to problems of estimat-
ing the sequence of wavelet coefficients. If we are working with an orthogonal empirical wavelet

transform we have an isometry of squared errors:
1 A o
- Z( W) = ft)? =) (65 -6, (1.15)
K3
In such a case, we also have that the empirical coefficients y; satisfy
¥y =0; +epzii=1,...,mn

with z; i.i.d. N(0,1). (If we are working instead with a wavelet transform which is simply quasi-
orthogonal, then slightly weaker relations hold; for example, the transform is a quasi-isometry,
where the two sides in (1.15) lie within fixed multiples of each other, independently of n = 2/1%1.)

The empirical wavelet transform turns minimax estimation over classes of smooth functions
into minimax estimation over the coefficient bodies induced by the transformation of functions in

the class. For example, suppose that WP (C') is a ball of functions having W2 Sobolev norm < ',
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for some fixed m and p. Let ©,, denote the class of wavelet coefficient sequences (8;(f)) arising

from functions f € WP (C'). Then

inf sup EnUlf- fIL = infsup BJI6— ol
I wk(o) " 6 O,

Hence problems of estimating smooth functions reduce to problems of minimax estimation over

bodies ©,, in sequence-space.

A remarkable fact about the wavelet transform and traditional smoothness spaces is that the
bodies ©,, are nearly m? balls, for a certain p. By applying Donoho (1992), one can show that
with W2 (C') a WP -ball, the corresponding body ©,, obeys, with a constant A depending only on
the wavelet transform,

0, Cml(A-C), n > ng, (1.16)

with p = 2/(2m + 1). Consequently, we have from Theorems 5, 2 and Corollary 5 the following

bound for the worst-case risk of the estimator 6*:

sup En U fr - I < ( : )HTN“bgmww¢m%cw-”«1+dn>
WE (C) " (2-p)
where r = 1 — p/2 = 2m/(2m 4+ 1). It is known from a variety of simple lower bound arguments
that

inf sup En~'|f = [} > (o/v/n)” 20

I wi(o)
and so the estimator f; is within logarithmic factors of optimal. We can interpret this geometrically
as saying that while the bodies @, do not quite fill up the weak 7 balls, there is not much gap;
the near-minimaxity of 6* over the inscribed bodies implies a near-minimaxity over the inscribing
bodies.

This near-minimaxity is for a single estimator, defined without regard for p or C', and valid for

a range of m. The phenomenon [UNI], which implies the universality of * as an asymptotically
minimax estimator for weak-¢? balls of arbitrary radius and arbitrary p € (0,2), therefore means
that there is a kind of universal near-minimax estimator for estimating functions of unknown type
and degree of smoothness. In fact this holds much more generally than for Sobolev balls; it holds
for balls in the whole range of Besov and Triebel-Lizorkin spaces, which includes Hoélder classes;
and it holds also for balls of functions of total variation. Compare also Donoho(1993b) and Donoho,

Johnstone, Kerkyacharian, and Picard (1993).

1.4.2 Spatial Adaptation

As an alternative to point-samples, we might instead assume area samples d; = Ave{f(t): 1 €

[ti—1,ti]} + 0z, i=1,...,n, and choose, as our goal, the de-noising of the area-samples, yielding
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risk

R.(f.f)=n"" Z(Ave{f“ti—hti]} — Ave{f|[ti—1,t:]})?

We can apply the empirical wavelet transform to these samples and de-noise them according
to the thresholding recipe given above. This has the following application. R. A. DeVore and
collaborators, in a series of papers, have proposed the use of certain special Approximation Spaces
A7 to model the process of spatial adaptation. These spaces are defined as collections of functions
with the property that spatially-adaptive methods, such as splines with n optimally-chosen free
knots, or best rational approximation of degree n, give error which decays like n™™, p = 2/(2m+1).
More precisely, if e,(f) denotes the L? error of best approximation by such a spatially adaptive
scheme, let A7'(C') denote the ball of those functions where Y (e,n™)Pn~" is less than or equal
to C'’P. Roughly speaking, the members in such a ball are all those which are equally easy to
approximate using spatially adaptive methods.

A remarkable fact about these balls from approximation-space theory is that, although they
are non-convex and seemingly rather exotic, they are equivalent to known objects in the space of
theoretical wavelet coefficient sequences, and those balls are £F balls. This is a result of DeVore
and Popov (1988) and DeVore, Jawerth, and Popov (1990). By using this fact, and arguments
in Donoho (1993a), one can show that the empirical wavelet coefficients obey, with constants A;

depending on the wavelet transform alone

Now the estimator é; is asymptotically near-minimax for (£(A;C), ¢ = 0,1; so we conclude that
£ is nearly minimax for AN (C). In fact the minimax risk differs from the worst case risk of A7’
at most by the factor [2/(2 — p)]"(A/Ao)P.

As wavelet shrinkage achieves the optimal rate performance over this class of functions - a class
defined by spatially adaptive methods - one can say that wavelet shrinkage is a kind of optimally
spatially adaptive method.

1.5 Adaptation at a Point

In Section 7 below, we trace two implications of phenomenon [LOG]. First, that in attempting to
estimate a function at a point it is not possible to estimate as well when the degree of smoothness
is unknown as one could estimate if the degree of smoothness were known; and second, that one
can adapt as well as it is possible to do by a simple estimator - a coordinatewise application, in

the wavelet transform domain, of the soft threshold estimator 02*1



1.5.1 Impossibility of Adaptation “for free”

Suppose that we again have observations (1.14), and we are interested in estimating the single
value f(0). We suspect that f obeys a Hoélder (-Zygmund) smoothness condition f € A(a,C),
where

Ao, C) = {f « |F(s) = fI(1)] < Cls — 1]},

with m = [a] — 1 and 6 = o — m. However, we are not sure of a and C.

If we did know a and C', then we could construct a linear minimax estimator féa’c) = >, CYi
where the (¢;) are the solution of a quadratic programming problem depending on C, «, o, and n
(compare Donoho (1994)). This estimator has worst-case risk

2

sup E(f0 = £(0))? ~ A(a)(C) (), n— oo,
A(e,0) n

where A(a) is the value of a certain optimization problem, and the rate exponent satisfies

2a
r =
20+ 1

(1.17)

(Donoho and Low, 1992). This behavior is optimal among linear procedures and within a factor
5/4 of the minimax risk over all measurable procedures.

Unfortunately, if @ and € are actually unknown and we misspecify the degree o of the Hélder
condition, the resulting estimator will achieve a worse rate of convergence than the rate which
would be optimal for a correctly specified condition.

Can we develop an estimator which does not require knowledge of o and €' and yet performs
essentially as well as fi*)? Lepskii (1991) and Brown and Low (1992) show that the answer
is no, even if we know that the correct Hoélder class is one of two specific classes. Hence for

0<ay<a; <ooand0< Cy, 7 < oo,

inf max Cf(”_l)n”(f_wi sup  E(f, — f(0))* > const -log(n)™.

fa 150 INCTe
In short, we must gain an increase in risk in estimating a smooth function of unknown degree
of smoothness; when the risk attainable in estimating at a point (smoothness known) is n~", the
risk one must pay with smoothness unknown is at least (log(n)/n)".
Section 7.1 below shows that this phenomenon can be traced to the asymptotics (1.9) for

KP(p). More specifically, we have the lower bound
THEOREM 6. Let p; = 2(1 — r;). Then with explicitly computable constants A;,

AT sup E(fu = £(0))2 2 Ag - KP°(Ar/n), (1.18)

inf max
o =01 Aai Ci)



The lower bound is based on a special 1-dimensional subfamily argument. Phenomenon [LOG]
shows that this lower bound is (ignoring constants) best possible among 1-dimensional subfamily

arguments.

1.5.2 Adaptation with minimal cost.

Section 7.2 studies the estimator (f7(¢;)) induced by soft thresholding in the wavelet domain.

The estimator f;(O) makes no assumptions about the smoothness or lack of smoothness of f.

THEOREM 7. Suppose we use a wavelet transform with wavelets having D > 1 vanishing moments.

For each Hélder class A(a,C') with 0 < a < D, we have

up BU0) = F(0))? S MP(1/n) - Aa) - (€2)'7 Sy o). (119)

Here r = 2a/(2a 4 1) is as in (1.17), and with 6(o) = min(a, 1/2),

Ala) = 27 - (C2) - (205C) - (1_2?) , (1.20)

the C; being constants associated to the Wavelet Transform (see [W1]-[W5] below).

Hence f;(O) achieves, within a logarithmic factor, the minimax risk for every Holder class in
a broad range.

The logarithmic factor cannot be further reduced, because of Theorem 6. We have closed the
circle: Because the lower bound of Theorem 6 derives from the KP-problem, and the upper bound
of Theorem 7 derives from the MP-problem, the fact that the K? problem and the MP-problem
have identical asymptotics (i.e. [LOG]), means that no estimator can improve on this one except
perhaps at the level of constants.

The constructions of Lepskii (1991) and Efromovich and Low (1992) show that there exist
estimators attaining this level of performance over restricted collections of smoothness classes; but
the present estimator is simpler in construction and application, and the results seem stronger.
The present estimator is also, as we have seen above, near-minimax for estimation in global risk

over a wide range of smoothness assumptions.

2. Upper Bound on M?(4).

Let t = /2 log(6=!). We will argue that for this specific choice of ¢, 1; has risk Rs(f) =
E(ni(Y) = 6) satisfying

MZ(6) = sup Rs(6) (2 log(6~1))" 7" (14 o(1)) . (2.1)

R RCAC)
This furnishes the upper bounds LP(6) < MP(§) < (2 log(é_l))l_p/2 (1+0(1)).
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LEMMA 1.

Rs(8) < Rs(0)+6* (2.2)
Rs(8) < ¢* +1 (2.3)
Rs(0) < o0 |5+ 7] (2.4)

Proor. All three relations derive from the identity

Rs(0) = 1+ 4+ (02— —1) [0t —0) — &(—t — 9)]
(2.5)
— (L= 0) St +6)— (14 6) B —6) .

For details, see Lemma 1 of Donoho and Johnstone (1992b). W

We argue separately on the ranges [0,¢) and [t,00). On [t,00), m}(6) = t¥ and we use bound
(2.3):

R(6) 241 o _ o
< < TP 4 TP A~ R TP
b4+t — d4tP — t

On [0,¢], we have m£(#) = t*~26%, and from bound (2.2)

R(80) 9 R(0) + 6?
— TP — ] . 2.
§ 4 tr—202 — (t2—p5+92 (2.6)

;From bound (2.4) and the identity ¢(¢) = 6¢(0), we notice that

R(0) < (073 (4+6t7%) < 127P§

for all 6 sufficiently small.

Thus (2.6) is bounded by 77, and so combining results from the two subintervals gives the

following strengthening of bound (2.1), valid for ¢ sufficiently small:

M) < #7P(1+177) . (2.7)

p

3. Relation Between K?(46) and L?(9).

Make temporarily the calibration p = LP(6)- 6. An estimator § attaining LP(§) has

R0, 0) < LP(8) (5407) = .
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Hence it satisfies § € Og(p), and is eligible for competition the problem associated with K?(p).
In that problem its risk satisfies

sup 7P sup R(6,0) < sup 7P LP(6) (6 +7P)
T>1 |6|<r T>1

= LP(6)- sg;l) (6777 + 1)
= LP(6)-(6+1).
In short
K'(p) < L7(8) (1+4),

so LP is “larger” than KP.

4. Lower Bound on K?(p).

In this section we will establish the lower bound

K?(p) > (21og(p™1))" 7" (14 0(1)), p—0. (4.1)

Together with the results of the last two sections, this will establish (1.6) and (1.9).

Our approach will be by an argument on Bayes Risks which shows that a certain 3-point prior

is asymptotically least favorable. Let v, , denote the 3-point symmetric prior distribution

£ £
Ve = (1_5)’/0"'5’/#"'_

5 V-n (4.2)

where v, denotes Dirac mass at x. This family of priors has been used extensively in the study

of K°(p), by Bickel (1983), Donoho and Johnstone (1992a, 1994).

We make a particular choice of ¢ and p as follows. Let ¢ > 0 be small and let ¢ > 0.

Define p(e,a) as the solution to

2
W4 2an = -2 1og(1€£€) . (4.3)

and define a(e) as the solution to
VEpdatn) = ¢, §= p(e,a) (4.4)

Then set fi(e) = u(e,a (¢)) and
Te = Vej(e) - (4.5)

In the appendix we prove the following Lemma.
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LEMMA 2.

ie)~ V2 Toge ), £ 0. (4.6
Let B(w.) denote the Bayes risk of the prior w. in the problem Y ~ N(6,1), 6 ~ 7.. Then

B(w.) ~efi (¢)? e—0. (4.7)
Let 0. denote the Bayes rule for prior w. .

R (0. ple)) ~ e} e =0 (4.8)

R(ég, 0) ~ e e—0. (4.9)

It follows that there is a parametrization ¢ = ¢(p) such that
ep) ~ p p—0 (4.10)

R(ég(p),()) = p, 0 < p < po.

Let 6, = ég(p). Then 6, is an estimator in Oo(p). Moreover, if we define Tp = Te(p) then
B(7,) = p-(2log(p™) (140(1))  p—0.

Now let 8 be any estimator satisfying R(é, 0) < p. By the definition of Bayes Risk, Fx R(é, §) > B(7,).
Setting fi, = fi(e(p)) we may rewrite this as

(1=2) R(O.0) + 5 RO, i) + 5 RO, ~jt,) = (1=2) B(I,.0)+ <R(B, fi,) -

= (I—¢)p + cR(0,, fi,) .

Hence,

AvelR(0, i), RO, i, )} > R(G 1;5 (0 (6. 0))

V
=

=)
N
=
N
-+

V

=
S

T
©
=
©
Sa—’

TN

&

"

T
©

m

®>
=)
—
s
Sa—’

~—

It follows that

Aipf() sup  R(0,0) > R(0,, fi,)
9€00(p) [8]<hp
= A () p—0 (by 47).



(This is a lower bound for a hybrid minimax risk problem: worst case risk over a bounded interval,
subject to doing well at a point.) Apply this to give (4.1):

inf  sup 7P sup R(6,0)

8EGo(p) 721 lo]<r
> _inf  @;?  sup R(6,8) as fi, > 1
8€604(p) |6|< i,
> P (e(p) B (e(p)) (1+0(1)) p—0 (by (4.11))
~ )T~ (2 log(e(p)™) T
~ (2 log(,o_l))l_p/2 as ¢ — 0 (by (4.10) .

5. Attainability of K”(p)

To complete the proof of Theorem 3 we now show that the estimator * defined there is

asymptotically minimax. First, using (2.5),
R(67,0) = (1+1t%)20(—t) + 2té(t) .
The asymptotic expansion
O(—u) = o(u) {u ™t —u? +3u + 0}, w > 1

gives R(6%,0) ~ 4173 (1) as p — 0. Hence p=' R(6*,0) ~ % as p — 0.
We conclude that for all sufficiently small p > 0, R(é*,O) < p,and that 6* € (:)0(,0).

On the other hand, under the calibration p = 6, we apply the analysis of section 1; 0% is

asymptotically minimax for LP as 6 — 0, so
R(6%,0) < L*(6)(6+6) Vo e R
where L* is a factor satisfying L*(6) = LP(8) (14 o(1)). Thus

sup 7P sup R(67,0) < sup 7 F-L%(6) (6+7TF)
T>1 |6)1<r T>1

= L) (149)
= LP(8) (146) (140(1))

= K%(p) (14 0(1))



under the calibration p = §. We conclude that % is asymptotically minimax for K?(p).

6. Sequence Space.
Turn now to the sequence space described in the introduction. We suppose that we have n noisy

observations y; = 0, + €,2;, 1t = 1,....,n, with z o N(0,1), where €, — 0, and that our goal is

to estimate # with small squared ¢* risk: E“é(y) - 0‘ ‘EQ .

6.1. Minimax Risk over (7 Balls

We recall that
E(0°(Y) = 0)* < L*(6,){6, + 16/},

Where L*(én) ~ ‘Lp((sn)7 n — oXO. NOW 1f 0 € K%(C),

~ n 02
El6 ) - o|[7; < L6 e, Y (5n L p)
_I_

A

< L*(6y) (nGién

sup  E|[03(y) — 0[5, < LP(6,)CTET (14 o(1)) .
4(Cw) "

We conclude from lower bounds in Donoho and Johnstone (1994) that this behavior is optimal;

Theorem 4 follows.

6.2. Minimax Risk over weak (? Balls

We recall that
E(F(Y) - 0) < M*(8,{1/n + m?, (6)}.

Where M*((Sn) ~ ]\427(6%)7 n — o, NOW lf 0 € m%(C),

pliz ol < are)d Y (st (2)) (6.1

n

Now a side calculation (reproduced in the Appendix) gives

sup{ Z my (f—l) 10 € mﬁ(Cn)} < 2 e PCr (6.2)

i=1

which leads to a bound for the right side of (6.2) as

2
M*(6,) (mién t5 gi—pcgg) :
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JFrom M*(6,) ~ M?(6,), and neé, = o(e27PCP),

. 2
sup  E||05(y) — 0|7, < 57— MP(8,)CHET (14 o(1)) -
mb(C,) " P

We conclude from lower bounds in Johnstone (1993) that this behavior is optimal; Theorem 5

follows.
7. Adaptation to Unknown Smoothness: Pointwise Risk

7.1 The Cost of Adaptation
In demonstrating Theorem 6, rather than work with the sampled white-noise data model

(1.14), we begin with the continuous white noise model
Y (dt) = f(t) 4+ eW(dt), teR.
We will show that if an estimator f(0) satisfies

e B0 = FOF < B (e (7.1)

then that same estimator must necessarily satisfy

sup ((@72(C)070) " swp Ef(F0)= FO) 2 AK™ (Arn ) (72)
C>Co Ao,0)
Theorem 6 follows by two comments we make after we prove (7.2).

Consider the problem of estimating 7'(f) = f(0) when f is known to lie in A(ag, 1) and the
noise level ¢ = 1. There is a hardest 1-dimensional subfamily for linear estimates, i.e. a segment
{&11 :+ € € [-1,1]} with the property that the problem of estimating 7'(f) over this segment is
equally as hard as estimating T'(f) over all of A(ag,1). We are really interested in the hardest
1-dimensional subfamily for estimating 7'( f) over a particular class A(ag, ) at noise level ¢, where

v = Col|Y1 1]|2- By a renormalization argument, (Donoho and Low, 1992), defining
Ven(t) = athy 1 (bt),  ab™ =7, ab”VP = (7.3)

gives the hardest 1-dimensional subfamily in the form {£{v. ., : € € [-1,1]}. Morever, the minimax

linear risk for estimating T'(f) over this family at noise level € is A(ag)(7?)1770 - (e?)"0. Define

0=¢lvially fo=Ebey,  BER.

Consider now the problem of estimating f(0), for f in the unbounded 1-dimensional subfamily
{fs}ser- Note that
fé € A(a07£7)

16



so that this is a one-dimensional subproblem of the problem of estimating f which is known to

belong to some A(ag,C'), with C' unknown. Moreover, note that
fo € A(al,Cl).

The one-dimensionality of the family {f;} means that the unit-variance statistic
v= ([ v @/l

is a sufficient statistic for 6 and hence for T(fs). Hence, applying the Rao-Blackwell process if
necessary, we have a correspondence between (non-randomized) estimation f(0) of f(0) based on
Y and estimation of 8, given by 6(y) = ("1&1,1"2/¢E,W(0))E{f(0)|y}. Under this correspondence,

we have

; N (T ) R R
Ey, (f(())—f(())) > (m) Eo(8(y)—6)".

Moreover, the renormalization principle (7.3) gives ¢?_(0) = (¢#)"(y*)'~"¢{ (0) , and hence the

lower bound

¥1,1(0)

(@Yo (v2) e Ey(B(y) — 6)°. 7.4
H¢171H2) (€)% (0(y) ) (7.4)

iy, (f0)- 1) > (

Now suppose we have an estimator f(O) satisfying (7.1); then applying the above correspondence,

we obtain an estimator 8 satisfying Fg—o(A(y) — 0)? < p, where

[l
_ 2Ny (21— 1y L1l _ . 2(r1—7r0)
P = B(€ ) (Cl) ¢Z,W(0) - Al € ?

say. Using (7.4) and the observation that f; € A(ag, () entails |0] < 7(C) = H¢171H2 Clv, we
may bound the left side of (7.2) from below via

7 4(0) v\ 2(1=70) . 5
Tz swe |~ sup  E(0—6)" .
[¢1all, €2 (C) 617 ()

JFrom the choice v = CO‘ ‘1&171“2, and the formula for 7(C'), we have v/C = H¢171H2/T. Setting

2 ) .
Ay = ¢%71(0)/“¢171“2T0, the previous expression becomes

Agsup 777 sup E(é—0)2 > Ao KP°(p) = Ao KP° (A1€2T1_2T°) .
721 [61<r

This proves (7.2). To get Theorem 6, we use the following two remarks. (a) Allowing B

to vary. Instead of assuming that B were constant, we can retrace the above steps under the

17



condition B = B(e) in (7.1), where B(e) < Bo K0 (B1*™17%7) = O((loge')™),. The formula
for p changes slightly; everything else remains the same, and the conclusion is

oz ((62)T0(02)(1_T°))_1 E(f(0) = £(0))* = A/KP (A" log(e™)™ ()1 770).

Owing to the logarithmic growth of K?°, the extra logarithmic term inside of K?° in this display
does not affect the leading asymptotics, which therefore turn out the same as those of the right-
hand-side of (7.2), so allowance for this extra logarithmic factor leads to the same type of bound.
In sum,
-1 .

max sup ((62)”(02)“—”)) sup  E;(f(0) — F(0))2 > A'EP(A"(&)2770)) - (1 + o(1)) (7.5)

i=0.1c>c, Aoy ,C)
(b) Discretization. With data (1.14), calibrate € = 0/y/n and use the subfamily {fs} constructed
in the proof of (7.2). Then introduce the sufficient statistic

In =D ety (Var ) veq(tiys)'/?

and argue as above, bounding various approximation errors. One gets a conclusion just like (7.5),

only with o/4/n in place of e.

7.2 Adapting with Minimal Cost

For Theorem 7, the wavelet transform will be based on periodized orthogonal wavelets; although
we could also use the boundary-corrected orthogonal wavelets of Meyer (1991) or of Cohen,
Daubechies, Jawerth and Vial (1992). We fix D, the number of vanishing moments, and jo, a
“low-resolution cutoff”. To make the proof simpler, we suppose that the low resolution cutoff is
chosen finely enough that the boundary does not interact with zero; more precisely so that any
wavelet which is nonvanishing at zero is vanishing in a neighborhood of the boundary {—1/2,1/2}.

These choices determine a wavelet transform which takes n = 291%! numbers (d;), viewed
as samples at equispaced points ¢; € (—1/2,1/2], and delivers n wavelet coefficients (v; ). The

coefficients yield the reconstruction formula
yi =Y vjwwis(i)
gk
where the vectors w; j are “wavelets”. Here we use a double indexing scheme, where j refers to

scale, and k refers to position. j runs from jg to ji; the v, 1, 0 <k < 2J0t1 are low frequency terms.

For j > jo, the v, 0 <k < 27, represent terms of resolution ~ 277 and position ~ k/2/ —1/2.

This transform has a number of useful properties. The inequalities below hold with finite positive

constants C; that are independent of n = 217! as soon as j; > J.

18



[W1] Orthogonality. For all (y;) € R™, n = |(y:)||5 = H(vﬁk)H%

[W2] Noise. Let (z;) be ii.d. N(0,0?). Then the corresponding wavelet coefficients (z;x)
have a joint Normal distribution with Var(z;,) = o*n~!.

(W3] Height of Wavelets. ||w;l|ls < Cs - 2012 5 > jo.

[W4] Width of Wavelets. With Q(j,k) = supp(w; 1), n 1 Q(j, k)| < Cy 277, 5> jo.

[W5] Analysis of Hélder Classes. Suppose that f satisfies the Hélder condition f € A(«, (),
a < D. Denote the wavelet coeflicients (8, ) of the samples (f(¢;)); let Z denote the

collection of indices of wavelets w; ; which are nonzero at 0. Then
16,6] < C5 - C o272 (k) € T

Before proceeding with the proof of Theorem 7, we make a few remarks about the MP-problem.

Define
uE (€)= ml (€/0) - €.
Setting 7 = (1 — p/2) we have pf(€,¢) < |¢]* A7) . 2"y in fact, with 7, = 1/21og(n) we have

E0 ot (6) = min((Sy, (2

2(1-=7r)
. ¢ ) ), £>0. (7.6)

Also, recalling definition and inequality (2.1) in the noise-level one problem, for an estimate OA]*Jg

we have

B0 = 05)" < M(L/n)(€ /4 (00, )):
where, of course M (1/n) ~ MP?(1/n) as n — oc.

Our proof begins with a decomposition of f;(O) — f(0). With Q(yj,k) the support of w;
and, again, 7 = {(j,k): 0 € Q(J,k)}, then

Fr0) = £(0) = (075, — 056)wn(0) = Y X,

T
say. Applying our MP-analysis of é;k with €2 = 0%/n, p = 2(1 — r), and using [W3] we get
EX?y < My(1/n)C3 - 22(€ [n + 45, (6,5, €)),

Now if f € A(a,C) then by [W5] |6, x| < C5 - C -277eF1/2) for those coefficients having influence

at 0, and so for such coeflicients
EX? < My(1/n)-C3 (22 /n 427 - b (Cs - C - 2730FYD [6)y (j,k) € 1.

In the appendix, we prove
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Lemma 3. For a >0 and j > 0,
20 pP(Cy - €279 oy < R 97 8liminl (7.7)
where § = min(a,1/2), r = r(a) = 2a/(2a 4+ 1), p = 2(1 — r),
Jn = (logy(CC5) — log,(en)) /(o + 1/2),
Ry = (&) (G301 (7.8)
This gives immediately the decisive inequality
EX?, < M7 (1/n)-C3- (27 /n+ R,2720l=0n]y, (7.9)

We plan to use
B X0 < (3 JEX2, ) (7.10)
T T

and (a +0)'/% < (a'/? +b'/?). Inequality (7.9) gives
SO EXZ, < MI(1/m)M? Gy S (202 + R P20,
T T

Now at each level j there are at most 2 - Cy different k such that (7, k) € Z; hence
S VEXE < MF(1/n)P 2 CaCy -
T

Now use n~ /2 E;;JO 2712 < 923/% and i 2-8li—inl < 2/(1 - 279).

2
S VEXE < My(1/n)' 2. C5Cy - [23/% + R/ — 2_5] :

s

J1 J1
Z 2j/2€/\/ﬁ_|_ R}/2 Z 25jjn]

Jj=Jo Jj=Jo

Square both sides and apply (7.10):

2
1—-2-¢

2
EQY Xik) < MF(1/n)- Ry - (2 C3Cy)” - [ + 23/26/1%}/2]
T
Comparing this with (1.19), taking into account inequality (2.7), the definition (7.8) of R,,, the
definition (1.20) of A(«), leads to the following strengthening of the conclusion of Theorem 7, valid

for n > ng,

sl F<(0) — ’ og n)" A(a)(CH =7 (2)" ogn)1 3205 <) 2
s (100) - £0))” < (2log 0" A@)(C)' ) (14 (2loga) >(1+2 “(77) )
(where Cs =2/(1—27%)).
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Appendix

Proor or LEMMA 2 (4.6) - (4.9)
Note that (4.3) may be written in the form

(1—¢)dlatp) =

Combining this with (4.4) shows that a(e) ~ /2 log u(a(e),e), and in particular, a = o(u), so
that (4.6) follows directly from (4.3). Since

B(r.) = (1—¢) R0, 0) + 5 |R (6. =) + R (6. =fi(<))] .

(4.7) follows from (4.8) and (4.9), symmetry of R(6.,p) about 0 and (4.6).

Let p(f|y) denote the posterior distribution of # under prior w..  Abbreviating f(e) by
i, we have that the Bayes rule 6. = u ¢.(y), where q.(y)=p(ply) — p(—ply). Thus

R( ) = i*(e) By [ = ae (ot )

where z ~ N(0, 1). We have

%|:eyp,—u2/2 _ e_yﬂ_ﬂ2/2:|
(Za(y) = 1—c+ % [e—yu—;ﬂﬂ + e—yu—uz/Q] '
Using (4.3), we obtain
elz—a) _ e—QMQ—M(Z‘l'a)
qe(:u + Z) (A'l)

1+ et(z—a) + e—2u%—u(z+a)

Since a(¢) T oo it follows that ¢.(u + 2) L 0,as ¢ — 0 which establishes (4.8) since |g.| < 1.
For (4.9), we first write

R(ég, 0) = 24 /OOO @ (y) é(y) dy . (A.2)

The identity (A.1) suggests that we consider first the above integral, I. say, with ¢. replaced by

et(z—a)

@-(y) = G(pt+z) = fe—o]

Laplace’s method leads to the following Lemma.

LEmma A, If



The proof of the Lemma makes it clear that I, ~ fg, and hence by substitution of its conclusion
into (A.2),

R(8.,0) ~ VEpdlatp) = ¢
by (4.4). This establishes (4.9).

Proor oF LEMMA 3
Now (2(1 —7))™! = (a4 1/2). Hence 27 = (279(e+1/2))200=1) and so with & = C5 - C' -

9= (a+1/2)i /¢

2(r—1)

QjZARH-Q

&2
Hence, using i5,(0,¢) = 50/, 1),
2P (Cy - C 27T DI oy = R, .5]2,(7’_1) .mf/n(fj) .
The indicated value of j, is the unique real solution of
Cy-C .27 Dije = 7
Hence &;/m, = 2=(I=3n)(e+1/2) . applying (7.6),
5?T_U'7nfﬁﬁff) < 9 26li=jal

so that (7.7) follows and we are done.

VERIFICATION OF (6.2).
Set 7, = v/2log 671 and 7 = t,6,C 71, and note from the definition of the weak {,-ball that

(6.2) < sup {Z 2 min (056,77, 1) 1 0< 6, < an_l/p}
1
= 2P min (k_2/p, 7'2) .
k=1

Now setting s, = 777, a simple calculation shows that

2316_2/17/\7'2 §/ s7HP A2 ds
T 0

= s, 4 P 81—2/29 ]
9 _
_ 2—p( 1+p )
(2-p)
Hence 5
(6.2) < C2p=2e? TP = = (PP
2—p 2—p
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