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Universal Near Minimaxity of
Wavelet Shrinkage

D. L. Donoho!, I. M. Johnstone?
G. Kerkyacharian®, D. Picard’

ABSTRACT We discuss a method for curve estimation based on n noisy
data; one translates the empirical wavelet coefficients towards the origin by
an amount /2log(n) - ¢/+/n. The method is nearly minimax for a wide
variety of loss functions — e.g. pointwise error, global error measured in
L? norms, pointwise and global error in estimation of derivatives — and
for a wide range of smoothness classes, including standard Holder classes,
Sobolev classes, and Bounded Variation. This is a broader near-optimality
than anything previously proposed in the minimax literature. The theory
underlying the method exploits a correspondence between statistical ques-
tions and questions of optimal recovery and information-based complexity.
This paper contains a detailed proof of the result announced in Donoho,
Johnstone, Kerkyacharian & Picard (1995).

1.1 Introduction

In recent years, mathematical statisticians have been interested in esti-
mating infinite-dimensional parameters — curves, densities, images, .... A
paradigmatic example is the problem of nonparametric regression,

y=ft)+o-z, i=1,...,n, (1)

where f is the unknown function of interest, the ¢; are equispaced points on

the unit interval, and z; u N(0,1) is a Gaussian white noise. Other prob-
lems with similar character are density estimation, recovering the density

iid , . . .
ffrom Xq,..., X, ~ f, and spectral density estimation, recovering f from
X1,..., X, a segment of a Gaussian zero-mean second-order stationary

process with spectral density f(£).
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For simplicity, we focus on this nonparametric regression model (1) and
a proposal of Donoho & Johnstone (1994); similar results are possible in
the density estimation model (Johnstone, Kerkyacharian & Picard 1992
Donoho, Johnstone, Kerkyacharian & Picard 1993). We suppose that we
have n = 2/+! data of the form (1) and that o is known.

1. Take the n given numbers and apply an empirical wavelet transform
W}, obtaining n empirical wavelet coefficients (w; 1). This transform
is an order O(n) transform, so that it is very fast to compute; in fact
faster than the Fast Fourier Transform.

2. Set a threshold ¢, = y/2log(n) - 6/+/n, and apply the soft threshold
nonlinearity n;(w) = sgn(w)(Jw| — ¢); with threshold value ¢ = ¢,.
That is, apply this nonlinearity to each one of the n empirical wavelet
coefficients, obtaining éjk = n(w;x). [In practice, shrinkage is only
applied at the finer scales j > jo.]

3. Invert the empirical wavelet transform, getting the estimated curve
fi ().
The empirical wavelet transform is implemented by a pyramidal filter-

ing scheme: for the reader’s convenience, we recall some of its features in
the Appendix. The output of the wavelet thresholding procedure may be

written R R
Fr= winndjon + D it (2)
k J2jo.k
The ‘scaling functions” ¢, r = (¢j,x(ti), ¢ = 1,...,n) and ‘wavelets’

Yir = (Y 5(ti),1 = 1,...,n) appearing in (2) are just the rows of W}
as constructed above. The ‘wavelet’ is typically of compact support, is
(roughly) located at k277 and contains frequencies in an octave about 2/.
[We use quotation marks since the true wavelet 1 and scaling function ¢ of
the mathematical theory are not used explicitly in the algorithms applied to
finite data: rather they appear as limits of the infinitely repeated cascade.]

A number of examples and properties of this procedure are set out in
Donoho et al. (1995). In brief, the rationale is as follows. Many functions
f(t) of practical interest are either globally smooth, or have a small number
of singularities (e.g. discontinuities in the function or its derivatives). Due
to the smoothness and localisation properties of the wavelet transform, the
wavelet coefficients 0;5(f) of such functions are typically sparse: most of
the energy in the signal is concentrated in a small number of coefficients —
corresponding to low frequencies, or to the locations of the singularities. On
the other hand, the orthogonality of the transform W guarantees that the
noise remains white and Gaussian in the transform domain; that is, more
or less evenly spread among the coefficients. It is thus appealing to use a
thresholding operation, which sets most small coefficients to zero, while al-
lowing large coefficients (presumably containing signal) to pass unchanged
or slightly shrunken.
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The purpose of this paper is to set out a broad near-minimax optimality
property possessed by this wavelet shrinkage method. We consider a large
range of error measures and function classes: if a single estimator is near
optimal whatever be the choice of error measure and function class, then
it clearly enjoys a degree of robustness to these parameters which may not
be known precisely in a particular application.

The empirical transform corresponds to a theoretical wavelet transform
which furnishes an orthogonal basis of L2[0,1]. This basis has elements
(wavelets) which are in C® and have, at high resolutions, D vanishing mo-
ments. The fundamental discovery about wavelets that we will be using is
that they provide a “universal” orthogonal basis: an unconditional basis for
a very wide range of smoothness spaces: all the Besov classes Bﬁq[O, 1] and
Triebel classes F7 [0, 1]in a certain range 0 < o < min(R, D). Each of these
function classes has a norm || - HBg,q or || HF;.',L, which measures smoothness.
Special cases include the traditional Holder (-Zygmund) classes A* = Bg,
and Sobolev Classes W™ = FT,.

These function spaces are relevant to statistical theory since they model
important forms of spatial inhomogeneity not captured by the Sobolev and
Holder spaces alone (cf. Donoho & Johnstone (1992), Johnstone (1994)).
For more about these spaces and the universal basis property, see the
Lemarié & Meyer (1986) or the books of Frazier, Jawerth & Weiss (1991)
and Meyer (1990). Some relevant facts are summarized in the Appendix,
including the unconditional basis property and sequence space characteri-
sations of spaces that we use below.

Definition. C(R, D) is the scale of all spaces BJ, and all spaces FJ, which
embed continuously in C[0, 1], so that ¢ > 1/p, and for which the wavelet
basis is an unconditional basis, so that ¢ < min(R, D).

Now consider a global loss measure || -|| = || - |[o+ pr ¢ taken from the B},
or F, scales, with o/ > 0. With ¢/ = 0 and p', ¢’ chosen appropriately,
this means we can consider L? loss, LP loss p > 1, etc. We can also consider
losses in estimating the derivatives of some order by picking ¢ > 0. We
consider a priori classes F(C') taken from norms in the Besov and Triebel
scales with ¢ > 1/p — for example, Sobolev balls.

In addition to the above constraints, we shall refer to three distinct zones
of parameters p = (o, p,q,0',p',¢') :

regular: R= {P<pt U {p>p, (c+1/2p> (o' +1/2)p'}
logarithmic: £ = ' >p, (e +1/2)p < (o' +1/2)p'}
critical: C= ' >p, (e+1/2)p= (o' +1/2)p'}.

The regular case R corresponds to the familiar rates of convergence usu-
ally found in the literature: for example with quadratic loss (¢/ = 0,p’ = 2)
the regularity condition o > 1/p forces us into the regular case. The ex-
istence of the logaritmic region £ was noted in an important paper by
Nemirovskii (1985): this corresponds to lower degrees of smoothness o of
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the function space F. The critical zone C separates R and £ and exhibits
the most complex phenomena.

In general, an exactly minimax estimation procedure would depend on
which error measure and function class is used (e.g. Donoho & Johnstone
(1992)). The chief result of this paper says that for error measures and
function classes from either Besov or Triebel scales, the specific wavelet
shrinkage method described above is always within a logarithmic factor of
being minimax.

Theorem 1 Pick a loss||-|| taken from the Besov and Triebel scales ¢’ > 0,
and a ball F(C;0,p,q) arising from an F € C(R, D), so that ¢ > 1/p; and
suppose the collection of indices obey o > o' + (1/p— 1/p' )4, so that the
object can be consistently estimated in this norm. There is a rate exponent
r = r(p) with the following properties:

[1] The estimator f;’; attains this rate within a logarithmic factor; with
constants C1(F(C), ),

sup P(||f; - fll = ~log(n)€1+€c+ ot (o+/logn/n)") — 0.
feF(C)

[2] This rate is essentially optimal: for some other constant Cs(|| - ||, F)

inf sup P(||f— fll > Co -log(n)retee- . C1=" (o /\/n)") — 1.
I feF(c)

The rate exponent r = r(p) satisfies

o—o'
== R 3
T +1/2 PE (3)
o—o' —(1/p—1/p)+
= : 4
7 12— 1/p peLUC (4)
The logarithmic exponent e; may be taken as:
0 o >1/p
ep =< 1/min(l,p',¢") = 1/¢ 0<o <1/p, Besov Loss ;

1/min(l,p',¢') — 1/ min(p’,¢") 0< o' <1/p', Triebel Loss
(5)
On R, all exponents epc,ect vanish. On L, epc = r/2 and ec1 vanish.
OnC, erc =r/2 and the bounds ec1 both have the form:

€ = — = = -~
ETUNG g for eco: §@=p'Vd, i=pAq

1(1)’ p) for ecyr @ =p'Ng, §=pVyg
P + q

On C, in certain cases, sharper results hold: (i} For Besov F and norm,
ecy = ec—, with § = ¢ and § = q. (ii) For Besov F and Triebel norm,
forec_, ¢ =p' and § = q, and further if ¢ > p, ecqr = ec—.
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Remarks:

The index suffices are mnemonic: ep ¢ is non-zero only on £ U C, while
ec+ are non-zero only in the critical case C.

Thus in the regular case R, when ¢’ > 1/p/, allindices ey, ef ¢, ex vanish,
and the upper and lower rates differ by (log n)’“/z. In fact, thresholding at
the fixed level \/2Togn is necessarily sub-optimal by this amount (cf. e.g.
Hall & Patil (1994)): this is a price paid for such broad near-minimaxity.

In the logarithmic case £, if 6/ > 1/p/, the upper and lower rates agree ,
and so the rate of convergence result for wavelet shrinkage is in fact sharp.

In the critical case C, the results to date are sharp (at the level of rates)
in certain cases when ¢’ > 1/p": (a) for Besov F and norm, and (b) for
Besov F and Triebel norm if also ¢ > p.

By elementary arguments, these results imply similar results for other
combinations of loss and a-priori class. For example, we can reach similar
conclusions for L' loss, though it is not nominally in the Besov and Triebel
scales; and we can also reach similar conclusions for the a-priori class of
functions of total variation less than C', also not nominally in C(R, D). Such
variations follow immediately from known inequalities between the desired
norms and relevant Besov and Triebel classes.

At a first reading, all material relating to Triebel spaces and bodies can
be skipped: we note here simply that they are of interest since the L,-
Sobolev norms (for p # 2), including the L, norm itself, lie within the
Triebel scale (and not the Besov).

Theorem 1 is an extended version of Theorem 4, announced without
proof in Donoho et al. (1995): to make this paper more self-contained,
some material from that paper 1s included in this one.

1.2 A Sequence Space Model

Consider the following Sequence Model. We start with an index set Z,, of
cardinality n, and we observe

yr = 0r +¢€- 2y, 1el,, (6)

where zy u N(0,1) is a Gaussian white noise and ¢ is the noise level. The
index set Z,, 1s the first n elements of a countable index set Z. From the n
data (6), we wish to estimate the object with countably many coordinates
¢ = (fr)r with small loss ||é — 0. The object of interest belongs a prior:
to a class ©, and we wish to achieve a Minimaz Risk of the form

infsup P{||6 — 6| > w}
G

for a special choice w = w(e). About the error norm, we assume that it is
solid and orthosymmetric, namely that the coordinates

rl <6l VI = [l < 1l9]]- (7)
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Moreover, we assume that the a priori class is also solid and orthosymmet-
ric, SO

00 and |&<|0;] VI =  cco. (8)

Finally, at one specific point (21) below we will assume that the loss mea-
sure is either convex, or at least p-convex 0 < p < 1, in the sense that
[10 4+ &11” < ||9]|” + ||€]]?; 1-convex is just convex.

Results for this model will imply Theorem 1 by suitable identifications.
Thus we will ultimately interpret

[1] (05) as wavelet coefficients of f;
[2] (é;) as empirical wavelet coefficients of an estimate f; and

[3] ||é — 0| as a norm equivalent to ||f— £l

We will explain such identifications further in section 1.7 below.

1.3 Solution of an Optimal Recovery Model

Before tackling data from (6), we consider a simpler abstract model, in
which noise is deterministic (Compare Micchelli (1975), Micchelli & Rivlin
(1977),Traub, J., Wasilkowski, G. & Wozniakowski (1988)). The approach
of analyzing statistical problems by deterministic noise has been applied
previously in (Donoho 199456, Donoho 1994¢). Suppose we have an index
set 7 (not necessarily finite), an object (61) of interest, and observations

xr =07+ 6 - uy, lel. (9)

Here 6 > 0 is a known “noise level” and (uy) is a nuisance term known
only to satisfy |us| < 1 VI € Z. We suppose that the nuisance is chosen by
a clever opponent to cause the most damage, and evaluate performance by
the worst-case error:

Ex(0,0)= sup 0(z) =0l (10)

1.3.1 OprTIMAL RECOVERY — FIXED ©

The existing theory of optimal recovery focuses on the case where one
knows that § € ©, and © is a fixed, known a priori class. One wants to
attain the minimax error

E;(©) = infsup Es(6,6).
S

Very simple upper and lower bounds are available.
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Definition 1 The modulus of continuity of the estimation problem is

Q|| -1,0) =sup {||6° —0')|: 6°,0' €O, |07 —-0; <EVIET).
(11)

When the context makes it clear, we sometimes write simply (4).

Proposition 1

£5(0) = Q(8)/2. (12)

Proof: Suppose 6° and 8! attain the modulus. Then under the observa-
tion model (9) we could have observations @ = 8 when the true underlying
0 = 6!, and vice versa. So whatever we do in reconstructing @ from x must
suffer a worst case error of half the distance between ' and 6°. [

A variety of rules can nearly attain this lower bound.

Definition 2 A rule § is feasible for © if, for cach § € © and for each
observed (xr) satisfying (9),
0 €0, (13)

0 — 7] < 6. (14)
Proposition 2 A feasible reconstruction rule has error
16 — 6| < Q26), €0, (15)

Proof: Since the estimate is feasible, |é1 — 0] < 26 VI, and 0,0 € O.
The bound follows by the definition (11) of the modulus. [J

Comparing (15) and (12) we see that, quite generally, any feasible pro-
cedure is nearly minimaz .

1.3.2 SoFT THRESHOLDING IS AN ADAPTIVE METHOD

In the case where © might be any of a wide variety of sets, one can imagine
that it would be difficult to construct a procedure which is near-minimax
over each one of them —i.e. for example that the requirements of feasibility
with respect to many different sets would be incompatible with each other.
Luckily, if the sets in question are all orthosymmetric and solid, a single
idea — shrinkage towards the origin — leads to feasibility independently of
the details of the set’s shape.

Consider a specific shrinker based on the soft threshold nonlinearity
n(y) = sgn(y)(Jy| — t)4. Setting the threshold level equal to the noise
level t = 6, we define

0, (y) = m(ar), TeT. (16)
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This pulls each noisy coefficient x; towards 0 by an amount ¢ = é, and sets
NG
91( ) = 0if |z7| < é. Because it pulls each coefficient towards the origin by
at least the noise level, it satisfies the uniform shrinkage condition:

01 <10sl,  IeT. (17)

Theorem 2 The Soft Thresholding estimator g(%) defined by (16) is feasi-
ble for every © which s solid and orthosymmetric.

Proof: |é§é) — 7| < & by definition; while (17) and the assumption (8) of
solidness and orthosymmetry guarantee that 8 € © implies 0 e 0.0

This shows that soft-thresholding leads to nearly-minimax procedures
over all combinations of symmetric ¢ priori classes and symmetric loss
measures.

1.3.3 RECOVERY FROM FINITE, NOISY DATA

The optimal recovery and information-based complexity literature gener-
ally posits a finite number n of noisy observations. And, of course, this is
consistent with our model (6). So consider observations

xr =0r+6-uy, lel,. (18)
The minimax error in this setting is
 5(0) = infsupl|9 — ]
)
To see how this setting differs from the “complete-data” model (9), we
set & = 0. Then we have the problem of inferring the complete vector

(07 : I € T) from the first n components (f; : I € Z,,). To study this, we
need the definition

Definition 3 The tail-n-width of © in norm || - || is
A(ns[|-|l;©) =sup{lldl| - 0€6, 0r=0,VIel,}
We have the identity
£ 0(0) = An; [ - [1;©),

which is valid whenever both || - || and © are solid and orthosymmetric.
A lower bound for the minimax error is obtainable by combining the
n = oo and the § = 0 extremes:

n,5(0) = max(Q(6)/2, A(n)). (19)
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Again, soft-thresholding comes surprisingly close, under surprisingly gen-
eral conditions. Consider the rule

ins _ ) msxr), 1€y,

o = { 0, I e€I\Z, (20)

Supposing for the moment that the loss measure || - || is convex we have
67F — 0| < Q(26) + A(n), O€O. (21)

[If the loss is not convex, but just p-convex, 0 < p < 1, we can replace the
right hand side by (Q(26)” + A(n)?)/?].

Comparing (21) and (19), we again have that soft-thresholding is nearly
minimax, simultaneously over a wide range of a-priori classes and choices
of loss.

1.4  Evaluation of the modulus of continuity

To go farther, we specialize our choice of possible losses || - || and a priori
classes © to members of the Besov and Triebel scales of sequence spaces.
and calculate moduli of continuity and tail n—widths.

These spaces are defined as follows. First, we specify that the abstract
index set 7 is of the standard multiresolution format I = (j, k) where
j > —1is a resolution index, and 0 < k < 2/, is a spatial index. We
write equally (67) or (8; 1), and we write ZU) for the collection of indices
I =(j,k) with 0 < k < 2/. We define the Besov sequence norm

I, = 32 (1) oy (2)

ji>-1 Z(5)
where s =0 4+ 1/2 — 1/p, and the Besov body
07,(C) =10+ 10l < C).

Similarly, the Triebel body ®; . = @7 (C') is defined by

||9||f£q <0,
where f;q refers to the norm
16llg, = 1O 25001 )™ | Lopo,u1, (23)
IeZ

X1 stands for the indicator function 1[ /25 (x41)/24), and s = o + 1/2. We
remark, as an aside, that Besov and Triebel norms are p-convex, with p =
min(1, p, ¢), so that in the usual range p,¢ > 1 they are convex.
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These sequence norms are solid and orthosymmetric, the parameters
(0,p,q) allow various ways of measuring smoothness and spatial inhomo-
geneity, and they correspond to function space norms of scientific relevance
(references in Appendix).

Theorem 3 (Besov Modulus) Let || - || be a Besov norm with parameter
(0,0, q") (cf (22)). Let © be a Besov body ©F (C'), and suppose that
>0 +(1/p—1/p)4. Then for 0 < § < §(C),

Ccl=rér PERUL
28, 0) = { O 67 log(C/6)¢ peC (24)
where the rate exponent v is given in (3,4), ec = (1/¢' — (1 =7r)/q)4, and
the constants of equivalence ¢; = ¢;(p).

[Here A(n) =< B(n) means that there exist constants ¢; such that 0 <
1 <A/ B(n) < ea < oo for all 9]

Here is the plan for the proof of Theorem 3 — We first consider an optimal
recovery problem corresponding to a single resolution level (Lemma 4).
Using a modified modulus £2° defined below this is applied to the regular
and logarithmic cases. The critical case is deferred to the Appendix.

Definition 4 W(é,C;p',p,n) is the value of the n-dimensional constrained
optimization problem

sup [[€[lpr st Ee Rl <O (€]l < 6. (25)

A wvector & which satisfies the indicated constraints is called feasible for

W, C;p',p,n).

Remark: This quantity describes the value of a certain optimal recovery
problem. Let @, ,(C) denote the n-dimensional € ball of radius C; then
W(s,C p' p,n) = Q6| - ||pr, On,p(C)). Our approach to Theorems 3 and
8 will be to reduce all calculations to calculations for W(§8,C, p', p,n) and
hence to calculations for ¢ balls. In some sense the idea is that Besov
bodies are built up out of / balls.

Lemma 4 We have W < W*, where we define

min(én!/?" Cnl/r'=1/r), 0<yp <p<oo;
min(ént/?" s1=r/r'CrIP ), 0 < p<p <.
(26)
In the first case W = W*, and moreover even the second case is a near-
equality. In fact in both cases of (26) there are an integer ng and a positive
number dg obeying

W*(s,C;p', p, n)z{

1 <ng<n, 0<60§6
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so that the vector & defined by
S1=86=...=6,=00; Engr1=...=& =0
is feasible for W(6,C;p', p,n) and satisfies ||&||p = 60né/p1, and
6071(1)/1), <W(,C;p' p,n) < o(no + 1)1/”/. (27)
Moreover, if 0 < p’ < p < oo, we have
ng=mn, & = min(é, C’n_l/p),

and there is exact equality 6071(1)/1), =W(,C;p',p,n) and W = W*. On the
other hand, if 0 < p <p’ < oo then

ng = min(n, max(1, [(C/&§)F])), and 8¢ = min(é, C), (28)
and W™ also satisfies (27). In both cases,
W (s,C) < §t-rl crlr’, (29)

Thus, if p’ < p, a ’least favorable’ feasible vector is dense, lying along the
diagonal ¢(1,...,1), with the extremal value of ¢ determined by the more
restrictive of the £, and ¢, constraints. On the other hand, if p’ > p, the
(near) least favorable vectors may be sparse , with the degree of sparsity
determined by C/é. Beginning with the dense case with all non-zero co-
ordinates when § < Cn~1/? the sparsity increases with § through to the
extreme case, having a single non-zero value when é > C. Geometrically,
picture an expanding cube of side 26, at first wholly contained within the
£, ball of radius C, then puncturing it and finally wholly containing it. We
omit the formal proof, which amounts to applying standard inequalities
(upper bounds) and verifying the stated results (lower bounds).

We now define a modified modulus of continuity which is more convenient
for calculations involving Besov and Triebel norm balls.

Q° (5] - 11, ©) = sup{[lo]| : 6 € ©, 6], < 6 ¥ I € 7).

Assuming that 0 € ©, that © = ©(C') = {0 : ||f]|le < C}, and that || - ||e

is p—convex, then it follows easily that
Qo(8) < Q(8) < 2Y/PQo(27176). (30)

We sometimes write £2°(8, ') to show explicitly the dependence on C.
We now apply this result to Theorem 3. We assume that we are not in
the critical case (which itself is treated in the Appendix.) We will use the
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following notational device. If = (f1)rez then 0\ is the same vector with
coordinates set to zero which are not at resolution level j:

9(]')_ 6, Ie71W
=10 I¢gz10)

We define Q; = Q;(6,C;p) by
Q; = SUP{||9(j)||b;,’ L 1690, < C, 1169]|o < 83
Then, using the definition of  and of the Besov norms along with (30)
1251l < Q< 2M211(2) 1o
Now applying the definitions,
Q= PIW(S, G275 p, ) = 25 Wy (6, 0277%),

say, with I/Vj*(é, (') defined similarly. Here is the key observation. Define a
function of a real variable j:
Q*(j) = 2 W (6,027 p. YY),
Then, as soon as § < C,
sup Q*(j) = 6"C* ",
JER

as may be verified by direct calculation in each of the cases concerned.
Let j* be the point of maximum in this expression. Using the formulas for
VV;‘(&, C277%), we can verify that, because we are not in the critical case,

s'p’ # sp, and
97 moli =3l < () /0 (%) < 27l =77 (31)

with exponents 1; = n;(p) > 0. We can also verify that for é < C, j* > 1.
In the regular case, 2/* = (C/6)Y/(+1/P) and we choose jo = [j*| so that
(in the notation of Lemma 4) n;, = n : we call this the ’dense’ case in
Theorem 8 below. In the logarithmic case, 20" = (C/6)'/* and we choose
Jo = [j*], so that nj, = 1 : this is called the ‘sparse’ case below. In each
case, |jo — j*| < 1, and from (27)

(14 1/ ) - > @ (jo) 2 27108" CL
on the other hand, using the formulas for W7 (s, C279%),

Q; <Q(j) < g=m(li—jol-1)  grel-r
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Because (28) guarantees n;, > 1, it follows that

cod"CTT < Qi < Q< 2Y|(9)4ly < 67 Cr I

What if || - || or ©, or both, come from the Triebel Scales? A norm from
the Triebel scale 1s bracketed by norms from the Besov scales with the same
o and p, but different ¢’s:

allllpg <l < alldlh, (32

min(p,q)

ax(p

(compare Peetre (1975, page 261) or Triebel (1992, page 96)). Hence, for
example,

eg,min(p,q)(c/al) C q);,q(c) C eg,max(p,q)(c/ao)a

and so we can bracket the modulus of continuity in terms of the modulus
from the Besov case, but with differing values of ¢,¢". By (24), the qualita-
tive behavior for the modulus in the Besov scale, outside the critical case
(c+1/2)p = (¢/ + 1/2)p', p' > p, does not depend on ¢,¢’. Hence, the
modulus of continuity continues to obey the same general relations (24)
even when the Triebel scale is used for one, or both, of the norm || - || and
class ©.

In the critical case, we can at least get bounds; for example in the Triebel
norm, Triebel body case, combining (24) with (32) gives, for 0 < § < é;(C)

co - CUTM log(C/8)% < Q(8) < e1 - CI=)8" log(C/6)°3 (33)

with el = (1/min(¢’, p’) — (1 —r)/ max(p, q))+ and e5 = (1/max(p’, ¢') —
(1 —7)/ min(p, q))+.

The next result shows that the Triebel norms can lead to genuinely dif-
ferent results that the Besov: it would apply, for example, to certain L,
and L,— Sobolev loss functions when p # 2.

Theorem 5 (Tricbel modulus, critical case) Let || - || be a member of the
Triebel scale and © a Besov body O (C'). Suppose that o > o'+(1/p—1/p')
and that we are in the critical case p' > p, (c+1/2)p = (o' +1/2)p'. Then

Q(5,C) > coC =78 (log C/8)MP'=U=n)/D+ 5 < 5(C)  (34)

and if ¢ > p, the right side (with a different constant ¢1) is also an upper
bound for £2(8).

Remark: This result is an improvement on the lower bound of (33) when
p’ < ¢’ and an improvement on the upper bound when ¢’ < p’ (and ¢’ > p).
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Proof: We establish the lower bound here, and defer the upper bound
to the Appendix. Write

1 1
ol =, = [ (ol iy = [,
»’5q’ 0 ik 0

where we identify x; with xr and (j,k), 0 < k < 2/ with I. We take
the choice of parameters used in the Besov modulus lower bound (critical
case), and attempt to maximise ||8||; by “stacking” up the coefficients 6;.
Thus, let ju, ji be defined as above, and set

- 4 1§]€§n]', ja§j<jb
ik 0 otherwise.

where n; = [my], mj = (¢671277%)? and ¢ = C(j, — ja)_l/?. By construc-

tion, 0 € ©p (C) and [|0]|.c = 6. The sequence a; = n;277 is decreasing,

and so

1
ol = o [ (02 < 0y e
0

J
- 51?’2/% (Z 28’q’j)p’/q’dt
J

Fitt <
Ijb 1.1
P P (e oy
> ¢ EQ (aj = ajy1).
Ja

Since C'6~127%/+ < 1, it is easily checked that n; >> 1 for j < j; and that
ajq1 < a;/2. Consequently

IO115" > o' S0 26 =iy > Jer' PO (G, - ja) T (35)

since, in the critical case s'p’ = (¢/ +1/2)p' = (6 +1/2)p = sp+ 1, and so
2s'p _1)jmj = 67", Hence Q° and hence Q satisfy the claimed (34). [
In addition to concrete information about the modulus, we need concrete

information about the tail-n-widths.

Theorem 6 Let || - || be a member of the Besov or Triebel scales, with
parameter (o',p',q"). Let © be a Besov body ©F (C) or a Triebel Body
@7 (C). Suppose n =0 —0" —(1/p—1/p')1 > 0. Then

Alny]]-]],0) = n"" n=2/*

with constants ¢; = ¢;(p).
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Definition 5 D(C;p',p,n) is the value of the n-dimensional constrained
optimization problem

sup [[€[lpr st €€ R, [IE]l, < C (36)

A wvector & which satisfies the indicated constraints is called feasible for

D(C;p',p,n).

Since D(C;p',p,n) = W(co,C;p',p,n), we have immediately upper
bounds from Lemma 4. More careful treatment gives the exact formula

D(C;p/,p,n) = Cnlt/r' =1 -

Proof of Theorem 6. We consider the case where both loss and a priori
class come from the Besov scale. Other cases may be treated using (32)
and the observation that the exponent in (38) does not depend on (g, ¢’).
Define

Aj=A(Cp) = SUP{H@(”H});; L 169y, < C}

we note that
Aspr <AM) <(I(Ag)jza41llg-

Now comparing definitions and then formula (37), we have

Ay =27 D(C27p 2y = €270, >0,

Consequently
1Az rpille € Agpr - Qo 27P9)Ye = y(p).
h>0
Combining these results, we have
A(n) = 27U+, n=2"T ool (38)

1.5 Statistical Sequence Model: Upper Bounds

We now translate the results on optimal recovery into results on statistical
estimation.

The basic idea is the following fact (Leadbetter, Lindgren & Rootzen
1983): Let (z1) be i.i.d. N(0,1). Define

An = {llDllz < V2logn];

then
n = Prob{A,} — 1, n — oo. (39)
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In words, we have very high confidence that [|(z7)r[|¢== < \/2log(n). This
motivates us to act as if noisy data (6) were an instance of the deterministic

model (18), with noise level 8, = y/2logn - €. Accordingly, we set ¢, = &,

and define 1)
- (n) _ . \¥Yr), I S Ina
or = { 0, I eI\, (40)

Recall the optimal recovery bound (21) (case where triangle inequality
applies). We get immediately that whenever § € © and the event A, holds,

107 = 6]] < 2(26,) + A(n);
as this event has probability 7, we obtain the risk bound
Theorem 7 If|| || is convex then for all 0 € ©,
P{JI6™) — 6] < Q(280) + A(n)} > 0 (41)

with @ suitable modification if || - || is p-convex, 0 < p < 1.

This shows that statistical estimation is not really harder than optimal

recovery, except by a factor involving /log(n).

1.6 Statistical Sequence Model: Lower Bounds

With noise levels equated, ¢ = 6, statistical estimation is not easier than
optimal recovery:

i%fs%p P{||é —0|] > max(A(n),eQ(e))} — 1, e=o/yn—0. (42)

Half of this result is nonstatistical; 1t says that

infsup P{[|6 — 0] > A(n)} — 1 (43)
[4 [C]

and this follows for the reason that (from section 1.3.3) this holds in the
noiseless case. The other half is statistical, and requires a generalization of
lower bounds developed by decision theorists systematically over the last
15 years — namely the embedding of an appropriate hypercube in the class
O and using elementary decision-theoretic arguments on hypercubes. Com-
pare (Samarov 1992, Bretagnolle & Huber 1979, Tbragimov & Khas’minskii
1982, Stone 1982).

Theorem 8 Let||-|| come from the Besov or Triebel scale, with parameter
(0',p',q"). Let © be a Besov body ©F (C). Then with a ¢ = ¢(p)

inf sup P{||§ — 6] > ¢Q(e, C)} — 1. (44)
8 ©
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Moreover, when p’ > p and (o +1/2)p < (¢/ + 1/2)p', (and, in the critical
Triebel case, under the extra hypothesis that ¢’ > p) we get the even stronger

bound
infsup P{||é — 0| > eQe/log(e~1), Y} — 1. (45)
i e

The proof of Theorem 3 constructed a special problem of optimal recov-
ery — recovering a parameter f known to lie in a certain 2/°-dimensional ¢°
ball (jo = jo(p)), measuring loss in ¢’ _norm. The construction shows that
this finite-dimensional subproblem is essentially as hard (under model (9))
as the full infinite-dimensional problem of optimal recovery of an object in
an o, p, ¢-ball with an o', p’, ¢-loss. The proof of Theorem 8 shows that,
under the calibration ¢ = 6, the statistical estimation problem over this
particular P ball is at least as hard as the optimal recovery problem, and
sometimes harder by an additional logarithmic factor.

1.6.1 PROOF OF THEOREM &

The proof of Theorem 3 identifies a quantity €2;,, which may be called the
difficulty of that single-level subproblem for which the optimal recovery
problem is hardest. In turn, that subproblem, via Lemma 4, involves the
estimation of a 2/°-dimensional parameter, of which ng(jo) elements are
nonzero a priori. The present proof operates by studying this particular
subproblem and showing that it would be be even harder when viewed in
the statistical estimation model.

We study several cases, depending upon whether this least favorable sub-
problem represents a “dense”, “sparse”, or “transitional” case. The phrases
“dense”, “sparse”, etc. refer to whether ng < 290 ng = 1, or ng < 2o(1=a)
0 < a < 1. In view of (32), we may confine attention to Besov norms
[| - ]|, except in the critical Case TIT (which will again be deferred to the
Appendix).

Case I: The least-favorable ball is “dense”: p € R

We describe a relation between the minimax risk over ¢ balls and the
quantity W (6, C'). We have observations
v =& + 6z, t=1,...,n (46)

where z; are i.i.d. N(0,1) and we wish to estimate £&. We know that ¢ €
0, »(C). Because of the optimal recovery interpretation of W(é, '), the
following bound on the minimax risk says that this statistical estimation
model is not essentially easier than the optimal recovery model.

Lemma 9 Let mp = ®(—1)/2 =~ .08. Let ng = no(6,C;p',p,n) be as in
Lemma 4. Then

inf sup )P{Hé—g”p/ > %ﬂ'é/plW(é,C’;p’,p, n}p>1- e~ 2nomy (47)

n,p
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Proof. Let nyg and 8y be as in Lemma 4. Let the s; be random signs,
equally likely to take the values 1 independently of each other and of the
(z;). Define the random vector £ € R™ via

5_ 52'60 1§i§n0,
L 0 1> ng

Note that £ € ©, ,(C) with probability 1. Here and later, P, denotes the
joint distribution of (£, v) under the prior.

Because a sign error in a certain coordinate implies an estimation error
of size §p in that coordinate, for any estimator &f we have

1€ - €lIE > 85 N (€, €) (48)
where we set
N(E€) =D IH&EE <0} =Y Vi(v, &),
i=1 1

say. Let &i* be the Bayes rule for loss function I{éf < 0}, and let V;* be
defined as for V;. Then

PuVi = 1v) < Pu(Vi = 1]o).

Conditional on v, the variables {V;} are independent, as are {V*}, and so
it follows that N(é*,f) is stochastically smaller than N(&f, &). Hence

nngu{né—gnzi > 6 a} > P{N(E,€) > a}.

From the structure of the prior and the normal translation family, it is
evident that the Bayes rule £ (v) = sgn(v;)ép, so that

N(&",€) = #{i : vi& < 0} ~ Bin(no, 7)
where
=P {vi& <0} =P{6 -2 < =6} > P(—1) =2 7.

Choose ¢ = ngmy and note that by the Cramér-Chernoff large deviations
principle, the number of sign errors is highly likely to exceed myng:

P {N(E,€) < mong} < e~noH(mo,2m0)

where H(w, ') = wlog(w/7")+ (1 = m)log((1 —x)/(1 —7')). As H(mw,7') >
20m —7')?, we get

P {N(E,€) > mong} > 1 — e~ 2100, (49)
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Hence (48) implies the bound

inf P{]I€ = &|lpr > So(mono) P} > 1 - e 20Ty
£

Recalling that ng and 6y satisfy
W (s, C5p',p,m) < do(ng + 1)

and noting that supg P(A) > P,(A) for any A gives the stated bound on
the minimax risk (47). U

This lemma allows us to prove the dense case of Theorem 8 by choosing
the n-dimensional # balls optimally. Using now the notation introduced in
the proof of Theorem 3, there is ¢g > 0 so that for ¢ < §;(C, ¢g) we can
find jy giving

Q;,(e,C) > ¢co - Qe, C). (50)

Let @OD)(C’) be the collection of all sequences 8U°) whose coordinates

vanish away from level jo and which satisfy

109, < C.
For 6 in ©U°)(C), we have
19115, = 211l

geometrically, ©Ue)(C) is a 2/°-dimensional £ -ball inscribed in 0, ,(C).
Moreover, for 0, 0’ in ©U)(C),

10 =01l =210 e

hence, applying Lemma 9, and appropriate reductions by sufficiency, we
have that, under the observations model (6), the problem of estimating
0 € ©Uo)(C) is no easier than the problem of estimating ¢ € O p(27905C)
from observations (46), with noise level § = ¢, and with an ' loss scaled
by 2/". Hence, (47) gives

inf sup P{||0 —Oll,.r > 9308’ TP Y, (¢, 02790 )} > 1 — e 2nomi
4 o' ,q’

1
2
® o)

Now - '
, = 20 W, (e, C27)
so from (50)

inf sup P{l6—0llp. > co-ma/P (141/ng) /7 Qe, C)} > 1207
9 GZ)Q(C) g’

In the regular case, ng = 2/° — oo as ¢ — 0, so that setting ¢ = co-mo-(1—7),
v > 0, we get (44).
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Case II: The least-favorable ball is “sparse”: p € £

Our lower bound for statistical estimation follows from a special needle-
in-a-haystack problem. Suppose that we have observations (46), but all
the &; are zero, with the exception of at most one; and that one satisfies
€| < 8o, with 8y a parameter. Let ©, (1, 8y) denote the collection of all
such sequences. The following result says that we cannot estimate ¢ with an
error essentially smaller than gy, provided ég is not too large. In the sparse
case, we have ny = 1 and so this bound implies that statistical estimation
is not easier than optimal recovery.

Lemma 10 With n € (0,2), let 8§y < /(2 —n)logn -6 for alln

inf sup  P{IE) — Ellyr > 60/3) — 1. (51)
£(v) ®n,0(1,60)

Proof. We only sketch the argument. Let P, s denote the measure which
places a nonzero element at one of the n sites, I say, uniformly at random,

with a random sign. Let v = é5/é. By a calculation,
dP, 2
Dby = e 12p=1y, cosh(éovi/éz), (52)

dP, o

= 27l cosh(yzi) + On~ e 2N 0] < 1(53)

where the constant & = 0,,(y) < 1. The first term converges a.s. to 1. Since
nle=7*/2 < n~"2 the remainder term obeys the probabilistic bound

Pl > /) < P{/Zlog(m)]1] > log(n)n/2 + log()} — 0.

Consequently

dp,
P s{|1— Fﬂ’i(vﬂ > €} — 0.

Consequently, any rule has essentially the same operating characteristics
under P, s as under P, and must therefore make, with overwhelming
probability an error of size > éy/3 in estimating . [l

To apply this, we argue as follows. Let n € (0,2) and let jy be the largest

integer satisfying '
V(2= n)logy(27) -€-2° < C
so that roughly jo ~ s71log,(C/€) + O(log(log(C/¢))), and set 6]20 =(2-
1) logs(27°) - €2. Then for some a > 0,
§ip>a-C-279%  §<§(C,a). (54)

Now, define the random variable U°) vanishing away from level jo: ngu) =
0,1 ¢ Z0Uo); and having one nonzero element at level jg, of size 6;, and
random polarity. Then, from the previous lemma we have

inf P{||09) — 69,0 > 8, /3} — 1
(4
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as & — 0. Since 0U°) € @U2)(C) by the choice of jo, we also have
infsup P{||0 —blpr > (8j,/3)-27°} — 1.
§ 0. o' q’
Using (54) gives

5].02J'8' > a2~ dols=5")

caa - C (é\/log(C/e))(s_SI)/s (1 + o(1)p5)
> coaC' T (ey/loge=1)" (1 + o(1)), (56)

as 6 — 0, which proves the theorem in this case.

1.7 Translation into Function Space

Our conclusion from Theorems 3-8:

Corollary 1 In the sequence model (6), the single estimator ({0) is within
a logarithmic factor of minimazx over every loss and every a priori class
chosen from the Besov and Triebel sequence scales. For a certain range of
these choices the estimator is within a constant factor of minimaxz.

Theorem 1 is the translation of this conclusion back from sequences to
functions. Fundamental to our approach, in section 1.3.1 above, is the
heuristic that observations (1) are essentially equivalent to observations
(6). This contains within it three specific sub-heuristics:

1. That if we apply an empirical wavelet transform, based on pyramid
filtering, to n noiseless samples, then we get the first n coefficients
out of the countable sequence of all wavelet coefficients.

2. That if we apply an empirical wavelet transform, based on pyramid
filtering, to n noisy samples, then we get the first n theoretical wavelet
coefficients, with white noise added; this noise has standard deviation

e=o//n.

3. That the Besov and Triebel norms in function space (e.g. L?, wpr
norms) are equivalent to the corresponding sequence space norms

(e.g. £), and £7).

Using these heuristics, the sequence-space model (6) may be viewed as
just an equivalent representation of the model (1); hence errors in estima-
tion of wavelet coefficients are equivalent to errors in estimation of func-
tions, and rates of convergence in the two problems are identical, when the
proper calibration € = o/+/n is made.

These heuristics are just approximations, and a number of arguments
are necessary to get a full result, covering all cases. We now give a detailed
sketch of the connection between the nonparametric and sequence space
problems.
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1.7.1 EMPIRICAL WAVELET TRANSFORM

1°. In (Donoho 19924, Donoho 19924) it is shown how one may define a
theoretical wavelet-like transform 6"] = W, f taking a continuous function
J on [0,1] into a countable sequence 0!"] with two properties:

(a) Matching. The theoretical transform of f gives a coefficient sequence
gl"] that agrees exactly with the empirical transform #(*) of samples
of f in the first n places. Here n is dyadic, and 9[”](f) depends on n.

(b) Norm Equivalence. Provided 1/p < ¢ < min(R, D), the Besov and
Triebel sequence norms of the full sequence 6" are equivalent to
the corresponding Besov and Triebel function space norms of f, with
constants of equivalence that do not depend on n, even though in
general 81" depends on n.

In detail, this last point means that iff and f are two continuous functions
with coefficient sequences 6] and 61! respectively, and if [|10]] and |f| de-
note corresponding sequence-space and function-space norms, respectively,
then there are constants B; so that

Bol|6 — 0| < |f = f| < By[|60] — 7)), (57)

the constants do not depend on f or n. In particular, the coefficient se-
quences, though different for each n, bear a stable relation to the underlying
functions.

2°. The empirical wavelet transform of noisy data (d;)?_; obeying (1)
vields data

gr =07 +¢-Z, 1e1,, (58)

with € = o /+/n. This form of data is of the same general form as supposed in
the sequence model (6). Detailed study of the Pyramid Filtering Algorithm
of Cohen, Daubechies, Jawerth & Vial (1993) reveals that all but O(log(n))
of these coefficients are a standard Gaussian white noise with variance o2 /n;
the other coefficients “feel the boundaries”, and have a slight covariance
among themselves and a variance which is roughly, but not exactly, o2 /n.
Nevertheless, the analog of (39) continues to hold for this (very slightly)

colored noise:
P{sup |Zr| > /2log(n)} — 0. (59)
In

In fact, our upper risk bound (41) depended on properties of the noise
only through (39), so this is all we need in order to get risk upper bounds
paralleling (41).

1.7.2 Risk UPPER BOUND

To see the implications, suppose we pick a function ball F(C) and a
loss norm | - |, both arising from the Besov scale, with indices o, p, ¢ and
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o',p',q', respectively. Consider the corresponding objects ©7 , and [ - || in
the sequence space. (57) assures that sequence space losses are equivalent
to function space losses. Also, with ©[*] the set of coefficient sequences
o = ¢lP)(f) arising from f € F(C), for constants A;, (57) yields the
inclusions
07 (Ao -C)c el cer (4, C). (60)
Now suppose we estimate f by applying the prescription (40) to the
data (g1)rez, , producing é; By (60), 01"1(f) € 07 (A1 - C). By (59), the

estimation error in sequence space obeys, with overwhelming probability,
107, = 07| < Q(2t0) + A(n),

where  is the modulus for || - || over ©F (A1 - C), etc. Combining with (57)

and Theorem 3 we get that with overwhelming probability, for large n,

i - fl< 2By o280 (61)

Completely parallel statements hold if either or both |- | and F(C) come
from the Triebel scales with ¢/ > 1/p’.

To finish the upper risk bound, we consider the case where | - | comes
from the Besov scale with 0 < ¢/ < 1/p’ < min(R, D). We remark that if
fU) is a function whose wavelet transform vanishes away from resolution
level j and ) denotes the corresponding coefficient sequence, then

boll6]] < [ £ < ba |6V, (62)

with constants of equivalence independent of f and j. See Meyer (1990,
page 46, Théoréme 7). At the same time | - | is p-convex, p = min(1,p, ¢).
Hence, if f 1s a function whose wavelet coefficients vanish at levels 7 > J,

then '
[F17 <0 > 109,

igd

This bears comparison with

ol = (> [1e9)|e )17 (63)

J<d
Now from nl/p_l/qIHfHZqz > [|€]] ¢z, valid for ¢" > p and € € R™, we have
If] < C - (J +2)Y =7 g

Applying this in place of (57) gives, instead of (61),

[z = £ < by log(m) =10 a2 g 2180 )
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In the Triebel case, we use (32),

0. < CN0y»

1ol , < clielly,
so that we may continue from the point (63) with min(p’, ¢') in place of ¢’
to conclude that with overwhelming probability

) . 71
15— f| < by - log(n)/P= Y/ minG' )2 . o . @) (65)

1.7.3 RiskKk LOWER BOUND

We remark again that the noise in the wavelet coefficients (58) is exactly a
Gaussian white noise except for O(log(n)) terms which “feel the boundary”.
Modifying the lower bound argument (44) by avoiding those coordinates
which “feel the boundary” does not change the general conclusion, only
the constants in the expressions. Hence (44) is a valid lower bound for
estimating the parameter vector 6 from observations (1).

To translate the sequence statement into a function statement (and com-
plete the proof of Theorem 1), we again distinguish cases.

1. In the case where the loss comes from the scale C(R, D), the transla-
tion follows from norm equivalence [(b) above].

2. For the case where the loss does not come from the scale C(R, D),
and (o' + 1/2)p" # (¢ + 1/2)p, we use the single-level norm equiv-
alence (62). Because the lower bound (44) operates by arguing only
with objects 8U°) that are nonzero at a single resolution level jg, this
establishes the lower bound.

3. For the case where the loss does not come from the scale C(R, D), and
(¢! +1/2)p' = (6 + 1/2)p, we use a more involved argument. Owing
to the regularity of the wavelets, we have, even when o' < 1/p/, the
norm inequality

Wl < OIS 0rtitlor (66)
P g I P9

even though no inequality in the opposite direction can be expected.
Similar results hold in the Triebel scale. Consequently, lower bounds
on the risk in sequence space offer lower bounds on the risk in func-
tion space. A careful proof of the inequality requires study of the
functions ¢y as constructed in together with arguments given there,
which depend on techniques of Meyer (1990, page 50 et. seq.). An-
other argument would use Frazier et al. (1991) to show that ()5 is
a collection of “smooth molecules”.
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200

Figure 1: Cascade structure of discrete wavelet transform

1.8 Appendix

A discrete wavelet transform. For the reader’s convenience, we give
here a short account of a particular form of the empirical wavelet transform
W used in Section 1.1. Our summary is derived from Daubechies (1992,
Section 5.6), which contains a full account. The original papers by Stephane
Mallat are also valuable sources (e.g. Mallat (1989)).

We consider a periodised, orthogonal, discrete transform. Our imple-
mentation of this transform (along with boundary corrected and biorthog-
onal versions) are available as part of a larger collection of MATLAB rou-
tines, WaveLab, which may be obtained over Internet from the authors via
anonymous ftp from stat.stanford.edu in directory /pub/software.

The forward transform maps data y, of length n = 27+! onto wavelet
coefficients w = (c(ju), dUe) lotl) .,d(J)) as diagrammed in Figure 1.
If we associate the data values y; with positions ¢; = i/n € [0,1], the
coefficients {wjy, : j = jo,...,J;k = 0,...,2771} may loosely be thought
of as containing information in y at location k277 and frequencies in an
octave about 2/.

Thus dU) is a vector of 2 “detail’ coefficients at resolution level j. [Note
that our convention for indexing j is the reverse of that of Daubechies’!]
Let Z, = {0,1,...,7 — 1}. The operators L; and H; map Zs; onto Zsj—
by convolution and downsampling:

cgcj_l) = Zhs—chgj) d;cj_l) = ng—chg)' (67)

The summations run over Zs;, and subscripts are extended periodically as
necessary. The “low pass” filter (hy) and “high pass” filter (g; = (—1)"h1_s)
are finite real-valued sequences subject to certain length, orthogonality and
moment constraints associated with the construction of the scaling function
¢ and wavelet ¢: longer filters are required to achieve greater smoothness
properties. Daubechies (1992) gives full details, along with tables of some
of the celebrated filter families. In the simplest (Haar) case, s = 0 except
for ho = hy = 1/v/2, and (67) becomes

TV = () Ve AT = () - V2
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However this choice entails no smoothness properties, and so is in practice
generally replaced with longer filter sequences (h;).

Regardless of the value of jy at which the cascade is stopped, the forward
transform W)} is an orthogonal transformation. Thus the inverse wavelet
transform may be implemented using the adjoint, yielding the equations

D =3 " hy_ope) + gemmd), o <i <, (68)
k

which in the Haar case reduce to
5 = (@ AR G = () d) Ve

Since the filter sequences (hs) and (g;) appearing in (67) and (68) are
of (short) finite length, the transform and its inverse involve only O(n)
operations.

Unconditional bases and Besov/Triebel spaces. Again, for conve-
nience, we summarise a few definitions and consequences from the refer-
ences cited in Section 1.1. A sequence {ey,} of elements of a separable Ba-
nach space E is called a Schauder basis if for all v € F, there exist unique
B € C such that Zjlv Onen converges to v in the norm of £ as N — oo.
A Schauder basis is called unconditional if there exists a constant €' with
the following property: for every n, sequence (5;) and constants («;) with
loj| <1,

1> aiBies |l < CID - Bies I (69)
1 1

Thus, shrinking the coefficients of any element of E relative to an uncon-
ditional basis can increase its norm by at most the factor C'.

Here is one of the classical definitions of Besov spaces. We follow DeVore
& Popov (1988). Let A%T)f(t) denote the r-th difference )} _, (;)(—1)’C
f(t + kh). The r-th modulus of smoothness of f in LP[0, 1] is

wrp(f58) = sup [|JAY Il Logo1—ri)-
h<t

The Besov seminorm of index (o, p, ¢) is defined for r > & by

(Y (we (£ AR
oo, = ([ (“5%) %)

wrp(f;h)
flpg = sup Zronlit)
| | p,00 0<h<l ho‘

if ¢ < oo, and by

if ¢ = co. The Besov norm || f||ps  is then defined as || f||rro,1) + | flBg , -
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An important consequence of the results of Lemarié and Meyer is that
this norm is equivalent to the sequence norm (22). That is, given a wavelet
transform of sufficient regularity that associates to f coefficients (07(f)),
there exist constants Cp, Cs, not depending on f, so that

ra —

Cullfllsg, < 16lln, . < Callflls,

(For the original equivalence result on R see Lemarié & Meyer (1986); for
a comprehensive development of the ideas see Frazier et al. (1991); for a
version applying to [0, 1], see Meyer (1991); and for the version adapted to
the statistical application in Theorem 1, see Donoho (19928).)

The norm equivalence means that we may work with the sequence norms
(22) and (23). These are clearly solid and orthosymmetric in the sense (7)
(and so the unconditional basis property (69) for the original norm || f] |Bg)q,
and all equivalent norms, follows.) Thus it is the wavelet transform that
renders the pleasant properties of soft thresholding in solid, orthosymmetric
norms applicable to the Besov and Triebel functions spaces of statistical
and scientific interest.

Proof of Theorem 3: Now we turn to the critical case p’ > p and
s'p’ = sp. Let j_(é,C) denote the smallest integer, and j; (8, C') the largest
integer, satisfying

(0/6)1/(s+1/p) < 2j_ < 2j+ < (0/6)1/5 (70)

evidently, j_ ~ log,(C/8)/(s + 1/p) and jy ~ log,(C/8)/s. We note that,
from (26)
Q(j) =07 CU, <<y

so that a unique maximizer j, does not exist, and exponential decay (31)
away from the maximizer cannot apply. On the other hand, we have that
for some 171 > 0,

QU (j)/Q () <27mUTIH s gy (71)

Q) (o) <27mU-T <l (72)

which can be applied just as before, and so we focus on the zone [j_, ji].
We now recall the fact that

@ =sup (3@ W6, (@ e < ¢

J J

Let (¢;); be any sequence satisfying ¢; = 0, j ¢ [j—, j+] and satisfying
Zﬁf (275¢;)1 < C?. Using (29), and because in the critical case s’ = s(1—7)
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and r=1-—p/p,

J+ J+
Q@ Wi(6,¢))MT < Q@8
J- J-
J+

— 57‘(2(2]'86],)4’(1—7“))1/4’

J-
(Sr(j_|_ _j— 4 1)6001—7“

IN

where the last step follows from [|z[|,sra-r < [|2]ls (1 d(A=r)=1/ D)+ gee

(37) below. Combining the three ranges j < j_, j > j4 and [j_, j+]
Q° < Oy - (log,(C/8))ee - 6"CU") 4 Cy - 67CA7T) 6 < 6,(C).

When ¢'(1 —r) > ¢, the upper bound is of order §"C1~" as in the non-
critical case, so that a lower bound for Q0 of the same order is obtained by
considering a single level as before. On the other hand, when ¢'(1 —r) < ¢,
a lower bound combining levels j_ to ji is needed, so we let (c}" ); be the
particular sequence

¢ =270y — o+ )T <G < s

where we have set j, = %j_ + %j+, Jb = %j_ + %j+. For such j, it follows
from (26) that I/Vj*(é, c}‘) = 6’“(c;f)1—’“, Then, as W > 2_1/”IW*,

J+ J+
(2(238 Wi (8, c;f))q )1/q > 9-1/p (Z(st VV]'*((S, c;f))q )l/q
J- G
> o (logy(C/) e C 5 < 5,(C)0

Proof of Theorem 5: Upper Bound. 1°. On the assumption that p’ >

q’, the maximum of ||9||Z;¢I over © must lie among sequences {f;;} with
k — |0;1| decreasing in k for each j. This follows from the inequality

(ao + b)) + (ay + b)) > (ap + b1)* + (a1 + bo)* (73)

valid for ap > a1, bg > by and A > 1, which in turn follows from convexity
of # — z* (A > 1). Inequality (73) shows that replacing {ij}z]:_ol by its
decreasing rearrangement can only increase ||6]|s:.

2°. Suppose that we freeze all coefficients 8,5, except at level j = jy, and
maximise [|0]|; subject to the constraints [0, < ¢ and Y, |0;,%]7 < AP,
Introduce variables x = |0;,%|? /7" and the function z(t) = >, rx;jx(t)
and write

Fot) =7 - (g(t) + 2/P(t)),  F=25000q0
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where g(t) contains all the coefficients from levels other than jg, and by the
previous step, both ¢(t) and x(¢) may be taken to be decreasing in ¢. We

may thus regard ||9||’;¢ as a function F'(x) defined on the set D of decreasing
sequences r1 > @3 > -+ > xx > 0 (N = 2/0) with Zjlv zr = 1. We have

or .y / (o' 4 Ip)—1
- sz 4+ g0/ey@'fa)=1 (e /p)=1
daur ' p Ijuk(g ) g
If ¥ > k, then from the hypothesis ¢’ > p and our monotonicity assump-
tions, dF/Jxy, > OF/Jxys, and so F(z) is Schur-convex (e.g. Marshall

& Olkin (1979, Theorem A.3., p. 56)). It follows that the maximum of
F(z) over DN {x : xp < & £ (6/y)P V k} is attained at the vector
= (%,...,2,n%,0,...,0) with 0 < 5 < 1 and le\ka = 1. Returning
to evaluation of Q°(6,C') and “unfreezing” the other coefficients, it now
suffices to maximise ||]|; over § € ©(C)NO(§), where ©%(8) is defined as
the set of (6;1) for which there exists a sequence (n;,6;) with 0 < n; < 27,
0<6; <6 and
gjk = (S]' k= n; +1
0 nj+1<k<?

Let A be the collection of decreasing sequences with a; € {0} U [277,1]

and lim; o aj = 0. Given a € A, let n; = [27 ;] and define

ij:{ 5 if k<n;

0 otherwise.

Clearly

v

ol = & [(S 2 e < gy
J

N'(«@),

>

and since either n; =0 or n; < 2.2jozj,
l6||¢ = 94/p g4 ZQSqJ(Qja],)q/p 2 24/”]\7((1).
Define now
Q#(8,C) = sup{N'(a) : « € A, N(a) < C1};
we have just established the left half of the estimates
O#(6,¢0C) < Q(6,C) < Q#(6,¢,.0) (74)

with ¢ = 21/7.
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For the right-hand estimate, assume that ¢ € ©(C) N ©°(§) and define
jmax = sup{j c g > 0} < 00, and
s = Sup{(nj—i_ 1)2_j : .7 S j S jmax} .7 S jmax
J 0 j > jmax
This construction guarantees that o € A, and since 6; < ¢, and n; +1 <
2/ aj, we also have ||9||Z}I < N'(&). To bound N(«), let {jr} be the locations
of jumps in {a;} : @), 41 < aj,. Since aj, = (nj, + 1)279% with n;, > 1,
Jr ' '
Z 284 (2 oy )q/p < c(g)QSQJL(Q]LajL)Q/p
Jr-1+1

IN

2‘]/”6(5)25‘]” n%p .

From this it follows that N(«) < 29/pc(§)||9||g, which establishes (74) with
e = 2Yrctla(s).

Evaluation of Q# (¢, C). For o € A, we have

N'(a) = & Z/ quyp/th

it1 J<]

IN

oL Zzsma S o(s'q)N" ().

We now maximise N («) subject to N(«) < C?. This constraint together
with the requirement that nonzero o; > 277 implies that a; = 0 for j > jy

(as defined at (70)). Making the change of variable u; = (60_12§ja]1»/p)q,

and noting that in the critical case sp = s'p’, we have

J+
ORI
J
and an upper bound to Q# (5, () is obtained by maximising Zup/q over
non-negative sequences {uj,j < jy} with Y Ju; =1 and u; < (6C~ 198y,
From (70), j_ is the smallest value of j for which 6C~'2% > 1. When p < g,

sup{Z:?_r ug/q : ng uj = 1} = (A )1 P/ where Ay =jy—jo+1x=
log(C/8)/s(ps + 1). On the other hand, the constraint u; < (§C~125)¢

forces ' o
Do < Y6022 U < e(sp)
J<j- J<i-

Combining the ranges below and above j_, we conclude that

) qpen o 1-p/q o
QF(8,0) < 0T sp)| 770 67 TPCP(log C/6) (1+0(1)).
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On the other hand, the sequence «; corresponding to
uj = (A;)"'I{j. < j < ji} belongs to A and shows that in fact
Q#(6,C) < ' ~PCP(log C)8)1=P/e.

Theorem 8: Case III: The least-favorable ball is “transitional”: p € C

Our lower bound for statistical estimation follows from a multi- needle-
in-a-haystack problem. Here the variable ng tends to oo, but much more
slowly than the size of the subproblems. Suppose that we have observations
(46), but that most of the &; are zero, with the exception of at most ng; and
that the nonzero ones satisfy |¢;| < &y, with &y a parameter. Let ©,, o(np, 6o)
denote the collection of all such sequences. The following result says that,
if ng € n we cannot estimate & with an error essentially smaller than
60né/pl, provided éy is not too large. This again has the interpretation
that a statistical estimation problem is not easier than the corresponding
optimal recovery problem.

For the proof, and for later use, we introduce a prior distribution g on
(&i,i=1,...,n).Set ¢, = ng/(2n). Consider the law making &; i.i.d. taking
values 0 with probability 1 —€,, and with probability €, taking values s;6q,
where the s; = +1 are random signs, independent and equally likely to
take values +1 and —1. Then let v; be as in (46), and let v = éy/é be
the signal-to-noise ratio. The argument is similar in structure to that of
Lemma 9. Given an estimator é, count the number of errors of magnitude
at least 8y /2:

N(E,&) =D Hl& — & > 60/2}

K3

Lemma 11 If ng < A - n'7% and, for n € (0,a) we have & <

V2(a —n)log(n) - & then there exist constants b; such that

) P{N(£,6) > no/10} > 1 — e "7, (75)
(v

it sup P — €l > (5o/2)(mo/ 1)} 31— 2 (76)
£(v) ©,,0(no,60)

Proof. The posterior distribution of & given v satisfies
P(& #0jv) = (ene_VQ/zcosh(’yv/é))/((l —€n) + €ne_72/2cosh('yv/6)).

Under our assumptions on €, and &g, ene_72/zcosh('yz) — 0, so for all
sufficiently large n,

ene_ﬁ/zcosh(’yv/‘s) <(I=en), forve =8, b0].

Therefore, the posterior distribution has its mode at 0 whenever v €
[—80,80]. Let & denote the Bayes estimator for & with respect to the
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0 — 1 loss function 1|€,—E,|>60/2' By the above comments, whenever & # 0

and v; € [—8g, 0], then the loss is 1 for the Bayes rule. We can refine
this observation, to say that whenever & # 0 and sgn(&;)v; < ég, the
loss is 1. On the other hand, given & # 0 there is a 50% chance that
the corresponding sgn(&;)v; < 8g. Let mg = €,/5. Then my < €,/4 =
P{& #0& sgn(&;)v; < ép} /2. For the Bayes risk we have, because 0 <
o < 2mg < PH{& #0& sgn(&)v; <ég}, and H(mwp, m) is increasing in =
for # > my,

PN{N(é*,f)} < Ton} < e—nH(ﬂ'D,Zﬂ'D) — e—nH(en/S,Zen/S). (77)

The same inequality holds for an arbitrary estimator &f since, just as in the
proof of Lemma 9, N(&f, &) is stochastically larger than N(é*,f)

To obtain (76) we must take account of the fact that the prior u does
not concentrate on © = 0, o(ng, &). However,

P(OF) = P{#{i & # 0} > ng) < e 2enscn)
Define g = p(+|0); since
Pr(A%) < P,(A%) + P,(©°), (78)
we have

Sl{p Pg{N(é,f) < 7o - n} S e—nH(en/S,Zen/S) + e—nH(Zen,en).
€

By a calculation, for k # 1, there is b(k) > 0 so that

e—nH(en,ken) S e—b(k)nen — e—b(k)ng’

as ng — oo. Because an error in a certain coordinate implies an estimation
error of size 8p/2 in that coordinate,

N(£,€) > m = [|£(v) = Ellpr > (60/2)m"/?".
Hence, with m = mon = ng/10,

f P00 = €l 2 (80/2) - (r0/10)17y 2 1= 2670,

Finally (76) follows since sup{P:(A) : £ € O, o(ng, 80)} > Pa(A4). U

To prove the required segment of the Theorem, we begin with the Besov
case, and recall notation from the proof of the critical case of Theorem 3.
For j_(e,C) < j < j4(e,C), there are constants ¢; such that Zﬁf 25”63» <
C'1. There corresponds an object supported at level j_ < 7 < j; and having
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ng,; nonzero elements per level, each of size ¢, satisfying Gné/jp < ¢;. This
object, by earlier arguments attains the modulus to within constants, i.e.
J+ /
] 1/p'\q! i
D@ eng! )T > QT (), €< 81(C,6) (79)
i
A side calculation reveals that we can find 0 < ag < a1 < 1 and 4; > 0 so
that for j, < j <7y, € < e (C),

A12J(1—a1) S ng ; S AOQJ(l—GD).

Define now §; = Aje, where /\]2» = 2(1 —ay —n)log2?, and define my

such that 6jmé(]P = ¢;. Then set up a prior for #, with coordinates van-
ishing outside the range [j4,js] and with coordinates inside the range in-
dependent from level to level. At level j inside the range, the coordinates
are distributed, using Lemma 4, according to our choice of §; = é; and
ng = I_moij. )

Let N; ~ Bin(2/,¢;) be the number of non-zero components at level j,
and let B; = {N; < ng; = 2.27¢;}. On B = NBj, it is easily checked that
[10]]7 < C4, and since

P(B]c) S e—ZjH(ZEj,Ej) S e—Cﬂuj’

it follows that P,(©) — 1 as ¢ — 0.

From Lemma 4, at each level, the 7" error exceeds (6;/2)(mq ;/10)1/?’
with a probability approaching 1. Combining the level-by-level results, we
conclude that, uniformly among measurable estimates, with probability
tending to one, the error is bounded below by

~ ]b .
16 = 617" > (27 (8;/2)(mo,;/10)/7)7.
Ja
Now we note that ) (ep/p’y 1/
1/p’ 1-p/p’) 1/p’
0 =X T engy
hence this last expression is bounded below by

(S]'m

16 — 6] > AP eg (o).

In this critical case, » = (1 — p/p’) and j_ ~ log,(C/€)/(s + 1/p). Hence
with overwhelming probability,

16— 6] > ¢ - Q(e/log(C/e)).

In the case of Triebel loss, we use a prior of the sme structure, but set
6; = 60 = €);. Also, in accordance with the proof of the modulus bound in
Theorem 5 we set ¢ = C'(j —ja)_l/q, moj = (560_12_]5)” and no; = [mo;].
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For given 0, let N;(0,0) = #{k : |0;x — ;1] > 60/2}. Note also that when

a # 0 and (I;) are arbitrary 0 — 1 valued random variables
O 291" x> 20
J J

It follows that

16—0F > (60/2)" / (227 {1050 — 03] = 80/2} 1)/
ik
= (602" / S0 2T 1105 — 03] > 60/2}
ik

= (bo/2)"" Y 2P VIN;(8,0).

J

Let A; = {Nj(é,ﬁ) > mg;j}. On A = A(é) = ﬂngj, and referring to the
argument following (35),

100l > (s0/2)"" 26" Vimy;
J

> O8N (log Cf80) 7P/,
> e3fe/loge1,C)

with the final inequality holding if ¢’ > p.

From (75), we conclude that P,(A°) — 0 uniformly in g and the conclu-
sion of the theorem now follows from (78). This completes the proof in the
transitional case; the proof of Theorem 9 is complete.
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